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On limit theorems for Banach space valued linear
processes *
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Abstract

Let (€;)icz be i.i.d. random elements in the separable Banach space E
and (a;);ez be continuous linear operators from E to the Banach space F,
such that 7., [lai|| is finite. We prove that the linear process (Xn)nez
defined by X, := ZiEZ a;(€n—;) inherits from (e;)icz the central limit
theorem as well as functional central limit theorems in various Banach
spaces of F valued functions, including Holder spaces.

Résumé

Soit (€;)iez une suite d’éléments aléatoires i.i.d. de I'espace de Banach
séparable E, (a;)icz une suite d’opérateurs linéaires continus de E dans
I'espace de Banach F, tels que ), ||a:|| soit fini. Nous prouvons que
le processus linéaire (X, )nez défini par X, := ZieZ ai(€n—;) hérite de
(€i)icz le théoreme limite central et des théorémes limite centraux fonc-
tionnels dans divers espaces de Banach de fonctions a valeurs dans F,
notamment des espaces de Holder.
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1 Introduction

Linear process (3_;cz ajex—j, k € Z), where the innovations ¢; are random vari-
ables is an intensively studied model in statistics. In the context of the recent
and quick expansion of the field of functional data analysis, it seems useful to
consider extensions of this model to the case where the innovations are random
elements in an infinite dimensional space, replacing then the coefficients a; by
linear operators. This paper is devoted to the study of central limit theorems
and functional central limit theorems for such Banach space valued linear pro-
cesses. To avoid measurability complications, all the Banach space considered in
this paper are supposed to be separable. For a Banach space E with a norm ||- ||,
E’ denotes its topological dual. The notations E, F,... with indexes or with-
out are reserved for Banach spaces. We write L(E,F) for the space of bounded
linear operators a : E — F endowed with the norm |[lal| = sup, <y [[a(2)]]. For
a € L(E,F), a* denotes its conjugate.
We study a stationary linear process

X = Zaj(ek,j), k ez, (1)

JEL

where (e, k € Z) are E-valued innovations and (ax, k € Z) C L(E,F) is a
set of bounded linear operators called linear filter. When for each k € Z, the
series (1) converge a.s. in the norm topology of F, (X, k € Z) constitutes a
set of F-valued random elements. A recent reference for Banach space valued
linear processes is Bosq [4]. Roughly speaking our aim is to obtain a way
to transfer some functional convergence of partial sum process built on the
innovations to a similar result (with the same normalisation) for the partial
sum process built on the linear process. A motivating work for this problem is
the paper by Phillips and Solo [13], where it is established that the validity of the
purely algebraic Beveridge-Nelson decomposition of the linear filter into long-run
and transistory components preserves the limit behavior of innovations for the
corresponding linear process. Moreover in this paper, a large class of real valued
innovations including independent identically distributed random variables and
a class of martingale differences is considered. Also a wide spectrum of limit
results including strong law of large numbers, law of iterated logarithm, central
limit theorem and invariance principles is presented.

We consider functional limit behavior for innovations that can be formu-
lated as follows. Let {(555)(t)7t € [0,1]), n € N}, be a sequence of stochastic
processes constructed from partial sums of innovations (e, k € Z) (polygonal
line process). Next we choose a suitable separable Banach space of E-valued
functions, say F(E) as paths space for (&,(t),t € [0,1]), n € N and assume that

the sequence ( ,(f)) converges in distribution in this space. We define the corre-

sponding partial sum process g;X) just by substituting the e;’s by the X’s in
the definition of 57(7,6) and consider §§lX) as a random element in some separable
function space F(F) corresponding to F (). To be more precise, the norm en-
dowing F(IF) is obtained by substituting || || to || ||z whenever this one appears
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in the definition of the norm endowing F(E). This can be done e.g. with the
LP spaces, spaces of continuous functions, spaces of Holderian functions, ...

Now the question is:  Assuming that b;lﬁr(f) converges in distribution in

F(E), under what conditions on the linear filter (ag, k € Z), does bgl&(lx) con-
verges in distribution in F(F) ¢ In case of positive answer, we shall say that
the linear process (X, k € Z) “inherits” its functional limit behavior from the
innovations (ex, k € Z). Examples of paths spaces F(E) considered in this pa-
per include Hélder spaces H(E) (precise definitions of these spaces are given in
subsequent sections) as well as more classical function spaces such as the space
C(E) of continuous functions with values in E. Our main result (Th.7 below)
establishes that under some restrictions on the space F(E), the condition

S llax| < oo, (2)
k

is sufficient for the linear process (X, k € Z) to inherit functional limit behavior
from independent identically distributed innovations (e, k € Z).

Beyond the theoretical interest, there is also some practical motivation for
investigating functional limit theorems in non classical paths spaces like Holder
ones. For instance some test statistics based on Hdélder norms of partial sum
process were recently shown to be very useful in the problem of detecting short
epidemic changes [17, 18].

A recent survey of functional central limit theorems in CJ0, 1] or D0, 1] for
linear processes may be found in [11]. The central limit theorem for Hilbert space
valued linear processes was studied in 1997 by Merlevede, Peligrad and Utev [10]
in the case of i.i.d. innovations. This was completed in 2003 by Dedecker and
Merlevede [5] who obtained a conditional CLT and FCLT for Hilbert space
valued linear processes built on strictly stationary sequences of innovations. The
first Holderian FCLT for linear processes are given in [7] where the innovations
are real valued. Depending on the rate of convergence of the series of the filter
coefficients, the linear processes obtained has short or long memory and the
limiting processes is either standard or fractional Brownian motion. The first
Holderian FCLT for Hilbert space valued linear processes appears in [14].

The paper is organized as follows. In Section 2 we present a key lemma which
is in a sense an analogue to Beveridge-Nelson decomposition. In section 3 we
give some central limit like theorems for Banach space valued linear processes.
In section 4, the convergence of partial sum processes is investigated for a class
of abstract Banach function spaces with applications to some classical function
spaces.

Throughout the paper a lot of various norms are used. We shall often take
the freedom to denote them simply by |z||, if the context is clear enough to
dispel doubts on the precise meaning. This way, various occurences of the
notation || || in the same formula may have different meanings.
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2 Basic auxiliary result

The following key lemma is essentially an adaptation of Lemma 1 of Peligrad and
Utev [12]. For our aim and for possible future applications to random fields it is
convenient to state it in the setting of summable collections of vectors indexed by
an infinite set I. We recall here the basic facts about such a summability theory
and refer to L. Schwartz [19, Chap. XIV] for more information. A collection
(x;,7 € I) of elements in the normed vector space (V, || ||) is said to be summable
with sum S € V if, for every € > 0, there exists a finite set J C I such that
for every finite set K C I containing J, ||Sk — S| < &, where Sk = >, Ti.
When it exists, such a S is unique and one define ), _; x; := S. If (v;,4 € ) is
summable, the set I’ of indexes ¢ € I for which z; # 0 is at most countable (so
we could restrict without loss of generality to the case where I is countable, but
this provide no real simplification in fact). In the special case where V = R and
the x;’s are non negative real numbers, (z;,¢ € I) is summable if and only if
M < oo, where M is the supremum of the Sk ’s over all finite subsets K of I; in
this case S = M. Note that we can always define ), ; x; as the supremum M,
finite or not, in the case of non negative x;’s. When the vector space (V, || ||)
is complete, the summability of (||z;||,¢ € I) in R implies the summability of
(24,4 € I) in the space (V,] ||)-

Lemma 1. Let (a;)ier be a collection of continuous linear operators a; : By —
Eo, where E; and Eq are two separable Banach spaces, satisfying for some 0 <

p<1
Sl < oo. @
il
Then (a;);cr is summable in L(Eq,Eq) and
A= "a; (4)
iel
defines a continuous linear operator E; — Es.
Let (Q, A, P) be a probability space and assume that (Up;,n € N;i € I) is a
collection random elements Q0 — E; verifying

sup E||Up||P < oo. (5)
neN,iel

Then we can define for n € N a random element Y, : Q0 — Eo such that
Y, = Z a;(Un:) almost surely. (6)
iel
Assume moreover that for every fized i,j in I,

Pr

|Uni = Unsll === 0. ™)
Then for every index e € I, the following convergence
Pr
1Yo = A(Une) | —— (8)

n—oo



holds.

Proof. As 0 < p <1, (3) gives >, llai]| < co which entails the summability of
(a;)icr in L(E1,Eq) and justifies the definition of A.
We legitimate the existence of Y;, by noting that from (3) and (5), for 0 <
p=1
E Y llailP|Unill? = Y lailPE|Un]l? < oo,

i€l iel

whence ) . l|a;i||P||Un il|P as well as ), ;[|aq|[|[Un,i|| are almost surely finite, so
> icr @i(Un i) is almost surely convergent in Es.

Now let us prove the convergence to zero of P, . := P(||Y;, — AU, || > ¢) for
arbitrary € > 0. Once fixed such an ¢, the summability of » . _;||a;||PE ||Up 4P
provides for any positive § a finite subset K of I such that for every n > 1,

> aillPE|Uni = Unell? < de”.
ie\K

Starting from the splitting

Yn - AUn,e = Zai(Un,i - Un,e) = Z ai(Un,i - Ume) + Z ai(Un,i - Un,e)a
i€l ieI\K i€K

we easily obtain

Pre <5 D7 |ailPE WUni = Unell” + P (ZHWHUM— el > 2)

i€I\K ieK

eb
P ||P N p i
<206+ P <i§€K||az|| max|[Un,j — Un.ell” > 2,,)

<26+ P (|Un; — Une )

| > ——
1/p
fex 21/pr

where we put 77 := >, ,[la;||P, recalling that 7 > 0. Now from (7) and the
finiteness of K we obtain :

limsup P, . < 2P0.

n—oo

As this limsup does not depend on the arbitrary positive ¢, it is in fact a null
limit, which was to be proved. O

3 Limit theorems for sums

We discuss now the asymptotic distributional behavior of sums of Banach space
valued linear processes. Proposition 2 below provides the general scheme leading
to central limit theorem or convergence to a-stable distribution.
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Consider innovations (ex, k € Z) consisting of random elements with values
in a separable Banach space E and corresponding linear processes (Xj, k € Z)
defined by (1) where (ax,k € Z) C L(E,F), the Banach space F being also
separable. For p > 0, we shall write (ax, k € Z) € ¢P(E,F) provided

> lax? < oc. 9)

kEZ

As already observed above, the membership of (a, k € Z) in ¢P(E,F) with 0 <
p < 1 yields the convergence in L(E,F) of >, _, ax, legitimating the definition

of the operator
A= Z ag (10)
keZ
as an element of L(E,F).
By the argument already used at the begining of Lemma’s 1 proof, a sufficient
condition on the innovations for the existence of the linear process (X, k € Z)
associated to a filter in ¢P(E,F) is that

sup E ||¢;[|P < o0. (11)
JEZ

In what follows, we put for k <,

l l
i=k

i=k

and abbreviate sz) in S, Sﬁ)z in S for n > 1. We also set S\ = ¥ = 0.

Let Z°%2(E) be the set of stationary Z-indexed sequences of E-valued innova-
tions (ex, k € Z) and let Z14(IE) denotes its subset of sequences of independent
identically distributed innovations.

Proposition 2. Assume that (e, k € Z) € T5%(E) and (ax, k € Z) € (P(E,TF)
for some p € (0,1]. If for a norming sequence of positive numbers (b,,n > 1)
going to infinity and a centering sequence (c,,n > 1) C E one has

b8 e, 2 Y (12)
and
sup E [|b, ' S|P < oo, (13)

then the linear process (X, k € Z) defined by (1) satisfies

b S — A(en) —— A(Y).

n—oo

Proof. Tt follows from (13) that E||€1||? < oo. By stationarity (11) is hence
satisfied, which insures here the existence of the linear process (Xy,k € Z).
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The continuity of A and continuous mapping theorem provides the following
convergence in distribution:

A(b;1S —¢,) —— A(Y),

n—oo

Now writing

b tSE0 — Alen) =D ai(b 181, _0) — Alen)
1EL
=R, + A(b,' S — ¢,),

where
Ry=3 ai(b,' 817, 0) — A(b,'S)
=
and using the extension to Banach space of Slutsky lemma (see Th.4.1 in [2]),
we just have to check that R,, converges in probability to zero.
To this end we apply Lemma 1 with By = E, Ey = F, U, ; = b; 15\

1—in—i
The assumption (5) is satisfied in view of (13) and the stationarity of (Sge—)i,n—i)iez'
The elementary estimate

2 —i[E e

E Hb'r_LlS(E) w

1—i,n—i

T AT |

enables us to check (7) and to complete the proof. O

For a random element Y in a separable Banach space E such that for every
feE,E(f,Y)=0and E(f,Y)? < oo its covariance operator Q = Q(Y)) is
the linear bounded operator from E’ to E defined by Qf = E ((f,Y)Y), f € E.
A random element Y € E (or covariance operator () is said to be pregaussian
if there exists a mean zero Gaussian random element G € E with the same
covariance operator as Y, i.e. for all f,g € E', E(f,Y)(g,Y) = E{(f,G){g,G).
Since the distribution of a centered Gaussian random element is defined by its
covariance structure, we denote by G¢g a zero mean Gaussian random element
with covariance operator Q.

Following the terminology adopted in [9], a random element Y in E is said
to satisfy the central limit theorem in E (denoted Y € CLT(E)) if the sequence
n=Y2(Yy 4+ ---4+Y,),n > 1 converges in distribution in E, where the Y;’s, are
independent copies of Y.

It is well-known that the central limit theorem in E is not a direct extension
of the finite dimensional case. Depending on the geometry of the space E,
one can even find some bounded random element e¢; which does not satisfies
the central limit theorem, see e.g. [9]. So in the general case, no integrability
condition on €; will ensure that €; satisfies the central limit theorem in E. In
so called type 2 spaces (e.g., any Hilbert space, L, with p > 2) E|Y]]? < oo
implies Y € CLT(E).
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IfY € CLT(E), then (see Ledoux and Talagrand [9]) Y is necessarily pregaus-
sian; the limit G is a Gaussian random element in E with the same covariance
structure as Y; Y has mean zero and satisfy

Jim PV >t) =0, (14)
in particular E ||Y||” < oo for every 0 < p < 2. Moreover for every 0 < p < 2,

supE |[n " V2(Y1 + -+ V)P < 0. (15)

n>1

Next we prove that independent on the geometry of the Banach space E, any
linear filter (a;,i € Z) € (*(E,F) generates linear processes inheriting central
limit property from i.i.d. innovations.

Theorem 3. Assume that (ex, k € Z) € 1 and (ay, k € Z) € (*(E,F). Then

V2 (el + -+ €) —— Ge (16)
yields
nV2(X) 4+ X)) —— Gy (17)
n—oo

Moreover G, and G x are mean zero Gaussian random elements with covariances
respectively Q(e1) and AQ(e1)A*.

Proof. The convergence (17) follows from proposition 2 since condition (13) is
satisfied by (15). As discussed above the random element G, in (16) is nec-
essarily Gaussian and its covariance operator is Q(G.) = Q(e1). As A is also
linear, A(G.) is a Gaussian random element in F. It is classical to check that
covariance operator of A(X) is AQ(e1)A*. O

An example provided by Merlevede, Peligrad and Utev [10] shows also, that
the condition (ay,k € Z) € ¢}(E,F) cannot be relaxed. They constructed an
example of i.i.d. innovations (ex, k € Z) in a separable Hilbert space H and
a linear filter (ax,k € Z) C L(H,H) such that €; satisfies the central limit
theorem, >, ||ax|| = oo and n=1/255) is not tight.

Let us remark that, if the space E is of type 2 (respect. of cotype 2) (we
refer to Ledoux and Talagrand [9] for definitions) then E ||;]|? < oo (respect.
€1 is pregaussian) yields the central limit theorem for innovations and therefore
for linear processes (X, k € Z) with absolutely summable linear filters. This
was established first by Denis’evskii [6] for the type 2 case.

Let a € (0,2]. Let us recall that an E-valued random element G, is said
to be stable with index a (a-stable for short) if for every n > 1 there exists
¢n € E such that n=/« Z?Zl Ga,j — cp has the same distribution as G, where
Gq,j,j > 1 are independent copies of G,. We refer to Araujo and Giné [1] for
details concerning stable laws in Banach spaces and their domains of attraction.
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Theorem 4. Let 0 < o < 2. Assume that (ex, k € Z) € T4 and (3) is satisfied
with some p < min{«, 1}. Then if for a norming sequence (b,) and a centering
sequence (c,) C E it holds

b;1(€1+"'+6n)76n£°—>Ga (18)
we have also
by (X1 4+ Xp) = Alen) —— A(Ga). (19)

Proof. The convergence (19) follows from proposition 2 since the condition (13)
can be easily checked in the same way as in one dimensional case (see Araujo and
Giné [1], Ex.9, Ch.2, Sec.6). Note in passing that necessarily in (18), E ||e1||? is
finite and b,, goes to infinity. O

4 Functional limit theorems

Consider E-valued innovations (eg,k € Z) and corresponding linear processes
(Xk,k € Z) defined by (1) where (ax,k € Z) C L(E,F). In this section, we
use polygonal partial sum processes built on the sequence (ex,k € Z) or on
(Xk,k € Z), represented by the following formula defining the partial sum
processes 57(16), n > 1, the processes E,(ALX) being defined similarly just substituting
the €;’s by the X;’s :

n

E9(t) = eeni(t), tel0,1] (20)

i=1

where the function e,, ; is defined on R by

0 it t<(i—1)/n
eni(t)=<tn—(i—1) if (—1)/n<t<i/n
1 if t>i/n.

For a reason which will be clarified later, we complete these definitions by
putting e, n41(t) ' =enn(t—1/n), t € R.

4.1 General result

For the functional central limit theorems we have in view, the above defined
partial sum processes will be considered as random elements of some function
spaces F(G), where G = E for the partial sums processes built on the ¢;’s and
G = F for those built on the X;’s. We assume that F(G) is a separable Banach
space of functions f : [0,1] — G when endowed with the norm | f| ). Let
us agree here that the formal definition of the norms || f||z@&) and || f||z@) are
the same up to the substitution of || ||z by || |[r whenever it appears in the
definition of || f||z®). Well known examples of such situation are the spaces
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of G-valued continuous function or the spaces of G-valued Holderian functions
built on some given weight function p (see the definition in subsection 4.2.2).
All the assumptions made on functions spaces in this section are stated for F(E)
because they appear naturally on this form when trying to establish our results.
Note still that they implicitly induce some restrictions on F(F) due to the above
assumption on the definition of the norms || f|| zg) and || f|| 7 &)

To insure the membership of g,(f) and 5,(LX) in the relevant function space
F(G) for each n > 1, let us assume once for all and without further mention
that

(A0) the space F(E) contains functions f = eg where e € E and ¢ : [0,1] — R
is any polygonal function.

Let us note that both versions imply that F(E) contain the constant functions
t — e where e is any fixed element in E. At some places we shall need also the
following property.

(A1) There is a constant ¢; such that for every constant function e : [0,1] — E,
t—e,
lelle < ellell @)

Now we can ask the following question where (b,,),>1 is a norming sequence
of positive real numbers.

If (bglé}(f))nx converge in distribution in F(E), under what conditions does

(b;l&(mX))nZI converge in distribution in F(F)?
To deal with the filter (a;,i € Z), we shall need the following assumption.

(A2) There is a constant cs such that for every a € L(E,F) and every f € F(E),
lao fllz@ < callall - [Ifll7@)-

Before stating other properties of the function space F(E) involved in this
investigation, it is convenient to introduce some definitions.

For any h € (—1,1) and any function f : [0,1] — E, define the pseudo-
translation Ty f : [0,1] — E of f by

£(0) ift+h<0
Tuf(t) =< f(t+h) f0<t+h<1
F(1) ift+h> 1.

For any interval [u,v] C [0,1] and any function f : [0,1] — E, define the
pseudo-restriction of f on the interval [u,v], denoted RY f, by

flu) ift<u
(Ruf)(t) =< f(t) fu<t<w
flo) ift>w.
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(A3) F(E) contains all the pseudo-translations of its elements and satisfies for
some constant cs,

IThfll ey <ecsllfllrm), he(-1,1), feF(E).

(A4) F(E) contains all the pseudo-restrictions of its elements and satisfies for
some constant cq,

IR fllr®) < callfllrm), 0<u<ov<1, feF(E).

It is worth noticing that the special case u = v = s in (A4) provides the con-
trol by || f||z&) of the pointwise evaluations dsf = f(s) considered as constant
functions :

16s fll7) < callfllr@), s€[0,1], fe€F(E). (21)
Combined with (A1), this gives
1f(s)lle < creall fllzgy, s €[0,1], f € F(E). (22)

With this property the weak convergence in F(E) implies the convergence of
finite dimensional distributions.

Properties (A3) and (A4) may be expressed in term of operators by saying
that pseudo-translations T}, and pseudo-restrictions R}, map F(E) into itself and
that the families of pseudo restrictions, pseudo-translations, viewed as families
of linear operators are equicontinuous (or equivalently uniformly bounded for
the relevant operator norm). When (21) is satisfied, this equicontinuity holds
also for the family of pointwise evaluations. Among classical spaces of E -valued
function sharing these properties, we can mention the space of continuous func-
tions as well as the Holder spaces.

Theorem 5. Let the innovations (ex, k € Z) belong to IT5%*(E) and suppose that
for some 0 < p <1, (9) is satisfied and E ||e1||P is finite. Assume that for some
normalizing sequence (b,)n>1 going to infinity the following convergence holds

btel) T8y, (23)
together with
—1¢(e
supE [, &gy < oo (24)

Futhermore let the function space F(E) possess the properties (A2), (21), (A3)
and be such that for each i > 1 and any x € E

[zen,ill @) = llzllo(bn)- (25)

Assume finally that the distribution of the limiting process Y is supported by
some subspace V of F(E) on which the pseudo-translations operate continuously,
which means

}llig})HThf — fllr® =0, feV. (26)
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Then
e 28 ay, (27)

where A is the operator defined by (10).

Proof. In view of (9), we can write for every ¢t € [0, 1] the expansion

00 = Xeenr(t) =D > ai(ex—i)en k()
k=1

k=1 1i€Z

n
Y (z ek_ien,ku)) ,
icZ k=1

which leads naturally to introduce the partial sum processes

et = ewienr, tel01], i€z, n>1.
k=1

Then the above pointwise expansion can be rewriten under the functional form

b el =3 a (b tel)), (28)

i€Z
where for each i € Z, a@; is an operator mapping F(E) to F(IF) defined by
Eiif:aiof7 fEf(E)

A priori the series of functions (28) converges pointwise on [0, 1], but this con-
vergence holds also in the norm topology of F(IF), which is usually stronger than
the pointwise convergence, at least when (22) is satisfied with F(F) instead of
F(E). Indeed according to (A2) we have ||a;|| < cz2l|a;| for each i € Z, so the
convergence of the series (28) holds almost surely in F(E) due to (9) and subject
to

sup B [[b 1€ 15 ) < o0, (29)
n>1,i€Z

which in turn follows from the assumption (24) by stationarity.
Now, on the ground of the functional representation (28), we are in a position

to prove the convergence (27) for (b,_Llf,(LX)) through Slutsky’s lemma in F(TF)
and Lemma 1 applied with E; = F(E), E; = F(F), with the a;’s substituted by
the ;s and with U, ; = b7 1¢'9).

In view of (29), it only remains to check condition (7) of Lemma 1, which

via an obvious chaining argument is reduced here in proving that for arbitrarily
fixed 1,

— € € Pr
b 16 — €l —— 0. (30)
By stationarity, we can as well take ¢ = 0. Now we have

n—1

57(:’2) - 57(:’)1 - Z 6k(en,k - en,k—i—l) - 6Oen,l + fnenﬂr
k=1
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Observing that for every ¢ € [0,1], epxr1(t +n71) = e,k (t) and e, pni1(t) =0,
we can recast the above equality as

£ — €Y = A1/ (€D9) — e,
where Ay, f := Ty f — f. Tt follows by (25) that
164 — € 12y < lleoll - 0(bn) + wi/n (€4),

where for every 0 < § < 1 the functional ws is defined by

ws(f) = sup [|AnfllF@E), f e F(E).
Ihl <6

At this stage, it only remains to prove the convergence in probability to zero of
by, twi n ( T(f)). As the functional ws is clearly subadditive on F(E), it satisfies
|lws (f) —ws(g)l < ws(f —g) < (L+cs)llf — gll7@), using (A3). Hence w; is a
continuous functional on F(E). From this and the convergence assumption (23),
we deduce that for arbitrary positive § and 7

lim sup P(b;lwl/n(fgf)) > 7) < limsup P(b;lw(g({,(f)) > 7)< Plws(Y) > 7).

n—oo

By (26), the last probability tends to zero with §, so the proof is complete. [

The weak convergence of (b, lfr(f)) in F(E) implies its tightness and also
the weaker property of stochastic boundedness in F(E). Let us recall here
that a sequence (,)n>1 of random elements in some vector space (B, || || g) is
said stochastically bounded if sup,,~; P(||C.||B > ) goes to zero when r goes to
infinity. When the innovations are i.i.d., it is possible to relax the assumptions on
the sequence (b, 157(5)) in Theorem 5 by proving that its stochastic boundedness
in F(E) implies (24). That is the aim of Proposition 6 where we restrict to
the normalizing sequence b, = n'/*f(n), 0 < a < 2, with £ slowly varying.
To motivate this choice, let us observe that if F(E) satisfies (A1), the F(E)
convergence (23) implies the weak convergence in E of b71¢(7 (1) = b718( to
Y (1) and that normalizing constants b,, are necessarily of the above form in such
a convergence for i.i.d. ¢;’s. Let us recall here that any positive slowly varying
function ¢ admits a representation:

¢ ds
(0 = ([ =)5). (31)
where k(t) tends to ¢ > 0 and () tends to zero as ¢ tends to infinity.

Proposition 6. Assume that the innovations (e;,i € Z) are i.i.d. and that the
function space F(E) satisfies (A4) and

(AB) there is some positive constant cs such that for every g € F(E) and every
0 <u<wv<1, putting f(t) = glu+ (v —w)t), 0 <t <1, the function f
belongs to F(E) and satisfies

1fll 7@ < csllRugllze)-
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For 0 < a < 2, let b, = n'*l(n) with £ slowly varying. If the sequence
(b;lgﬁf), n > 1) is stochastically bounded in the space F(E) then for 0 <p < a,

sup E |50 < oo. (32)
n>1

Proof. For any integers m,n > 1, let us decompose the process &(ﬁ% as

= <R§: L8 — &b (sn 1)) Sk = E,

m
k=1

where the summands are independent random functions in F(E), but not iden-
tically distributed (because the intervals where these random functions are con-

stant are not the same). Denote by fr(f;ﬁ, 1 < k < m, the partial sum processes
built on the innovations (e;, (k — 1)n < i < kn) which are ii.d. copies of

{,(f) = 526)1 Using (A5) together with the invariance of E-valued constant func-
tions by the linear operators of pseudo-restriction gives

(€) s —
||£n7ka(]E) SCE)HRS: 1 nr?@(sk 1)H]—'(E)’ k= 13"'7m7

from which we deduce that

max ||§nk||f(m) < ¢ max Re gl —fﬁﬁ)n(sk—ﬂH

1<k<m 1<k H Sk—1 F(E)

< 25 o HZ(R; £~ 6000650) o

Observing that

m

> (R0 - €s51) = BLEQ, — € ()

j=k+1

and applying Ottaviani maximal inequality for the partial sums of independent
random elements in the Banach space F(E), see e.g. Lemma 6.2 p.152 in [9],
we obtain

P(lghlr@) > u)

1= max P(IRLES, — () l#m) = u)

> <
P max €% 5e) = desu) <

Now recalling that (A4) implies (21), we obtain

RS €40 — €5 (si)ll7m) < 2eall€50 | 7wy,

whence

P(IE e > u)
— Pk 7@ = u(2e) ")

P(lg}ix anka(JE) > 405“) <
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Using this last estimate and the stochastic boundedness of (n_l/Qfﬁf))nZl in
F(E), we can find a positive constant ¢ such that

m*0(mn)

t(n)

Here the special choice of the constant 1 — exp(—1) is just for convenience, but
any 0 < € < 1 would suit instead.

From the representation formula (31), it is easily seen that with some positive
constant ¢,

P( by tel >
;221 12}%me n ez = ¢

) <1-—exp(-1). (33)

< 'mdn m>1n2>1,

where J,, = sup,~,, |e(t)] goes to 0 as n goes to infinity. Now fixing 0 < p <
r < «, there is an integer ng depending on 7 such that for every n > ng,
mont/e < ml/7 For n < ng, using the fact that Maxi<n<n, £(nt) is also slowly
varying, one can find a constant ¢’ such that m'/*¢(mn)¢=*(n) < ¢'m'/" for
m > 1.

Going back to (33) with these estimates, we obtain with a possibly increased
constant c:

P<1g}ca<xm||b;1§gg||f(ﬁ) > le/r) <l-exp(-1), m=1n=>1 (34)

Recalling that the fr(fgc, 1 < k < m are i.i.d. copies of f,(f) = 57(:)1, (34) can
be recast after some elementary work as

1
P(||b;1§,(f)||}-(E) > cml/r) <1-—exp(—1/m) < —yom >1,n>1.

From this it is easy to see, that " P(|b, & |lF@®) > ct) < 2 for every ¢t > 1,
n > 1. A classical integration by part enables us to bound, E Hb;lg,(f) H’}(E) by
a constant depending on ¢, p, r, but not on n. This yields the result. O

Combining Theorem 5 with Proposition 6 gives the following theorem which
is the pattern for all the concrete examples which follow. It seems in order to
recall here what we mean by a E-valued Brownian motion. If € is a centered
pregaussian random element in the Banach space E with covariance Q(¢), there
exists a Gaussian random element G in E with the same covariance. We denote
then by W) a E-valued Brownian motion modelled on this covariance struc-
ture, i.e. a centered E-valued Gaussian process with independent increments
and such that W) (t) — Wg(o) (s) has the same distribution as [t — s|'/2G. As
the distribution of Wg(,,) depends only on that of ¢;, we shall abbreviate in the
sequel Wo(c,) in W), denoting by € any random element in E with the same
distribution as the ¢;’s. We note that if some partial sum process built on i.i.d.
innovations (¢;);>1 with normalization n'/? converges weakly to a Gaussian pro-
cess on some space of E-valued functions satisfying (22), then ¢; € CLT(E), so
€1 is necessarily pregaussian and in particular E ||e; || is finite.
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Theorem 7. For innovations (e, k € Z) in T'YE) and a filter (ax,k € Z) in
(H(E,F), let us assume that the following convergence holds

n12¢0 ZE gy, (35)

If moreover the space F(E) satisfies (A1)—(A5), (25) with b, = n'/? and if there
exists V such that (26) holds with Y = Wq_, then

_ F(F)
n/2¢(0) — = Wagoa+ (36)
where the limiting process Wagq(e)a- s a F valued Brownian motion.

4.2 Examples

Applying Theorem 7, we obtain functional central limit theorems in some clas-
sical function spaces for linear processes. Let us recall that we consider only
separable Banach spaces E, .

4.2.1 FCLT in the space of continuous functions

We write C(E) for the Banach space of continuous functions f : [0,1] — E
endowed with the supremum norm

1 £lloe = sup {If (#)]le; t € [0,1]}. (37)

Coupling Theorem 7 with invariance principle due to Kuelbs [8] we obtain the
following invariance principle for partial sum polygonal line processes (fflx)).

Theorem 8. Assume that innovations (¢;,1 € Z) are i.i.d. mean zero E-valued
random elements satisfying the central limit theorem. Then if (ax,k € Z) €
01(E,F) it holds that

n—1/2§7(lX) C(F)

Proof. As proved by Kuelbs [8], the assumptions on the innovations yield

- ¢) C(E)
n l/zfr(l) ’_.—>n~>oo WQ(E)'

It is elementary to check the properties (A0)—(A5) for F(E) = C(E). Condi-
tion (25) is trivially satisfied since ||ze, ;||oc = |||l does not depend on n. As
for (26), we can simply choose ¥V = C(E). Indeed this space inherits its separa-
bility from E, supports any E-valued Brownian motion and since every f € C(E)
is uniformly continuous on [0, 1], the translations operate continuously on C(E).
So we conclude by applying Theorem 7. O

As far as we know, the above version of FCLT in C(F) for linear processes
is new.
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4.2.2 FCLT in Holder spaces

Let p be a real valued non decreasing function on [0, 1], null and right continuous
at 0, positive on (0,1]. Put

wp(f,0) == sup

We associate to p the Holder spaces

H,(E) := {f € C(E); w,(f,1) < oo}

and
Hy(E) = {f € C(E): limw,(f.0) = 0},

both equiped with the norm

[£llp == F O + wp (£, 1)

To discard triviality, we may assume that p(h) > ch for some positive constant
c. Then H{(E) contains all the E valued polygonal lines indexed by [0, 1] and
inherits the separability of E (see [15]). When p(h) = h%, 0 < a < 1, the
corresponding Holder spaces H, and HY will be denoted simply by H, and Hg,.
As in [16], we shall restrict our study of the Hélderian FCLT to the case of
weight functions p in the class R defined below.

Definition 9. Let R be the class of non decreasing functions p : [0,1] — R,
positive on (0,1], such that p(0) = 0 and satisfying

i) for some 0 < a < 1/2, and some positive function L which is normalized
slowly varying at infinity,

p(h) = h®L(1/h), 0<h<1; (38)

i) O(t) = t'/2p(1/t) is C* on [1,00);

iii) thereis a 8 > 1/2 and some a > 1, such that 0(t) In="(t) is non decreasing
on [a,00).

We say that a function is ultimately decreasing or increasing or non decreas-
ing or non increasing if the corresponding monotonicity holds on some interval
[c,00). Let us recall that L(¢) is a positive continuous normalized slowly varying
at infinity if and only if it belongs to the Zygmund class i.e. for every § > 0,
t9L(t) is ultimately increasing and ¢~ L(t) is ultimately decreasing (Bojanic and
Karamata [3, Th.1.5.5]). It follows that for some 0 < 7 < 1, h*L(1/h) is non
decreasing on [0, 7]. Here we assume for convenience that it is non decreasing
on the whole interval (0,1]. This is not a real restriction since the Hélder norms
generated by p(h) and p(Th) are easily seen to be equivalent.
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Remark 10. Clearly L(¢)In?(t) is normalized slowly varying for any 3 > 0,
so when o < 1/2, t1/2=2L(t)In"?(¢) is ultimately non decreasing and iii) is
automatically satisfied.

The assumption ii) of C* regularity for # is not a real restriction, since the
function p(1/t) being a-regularly varying at infinity is asymptoticaly equivalent
to a C°° a-regularly varying function 5(1/¢) (see [3]). Then the corresponding
Holderian norms are equivalent.

The following proposition is proved in [15].

Proposition 11. For any p in 'R, the space Hg(]E) supports any E-valued Brow-
nian motion Wq.

In what follows, the weight function p belongs to R and we recall that
O(t) = t*%p(1/t), t>1.

Next we consider partial sum polygonal line processes &(LX), n>1.

Theorem 12. Assume that innovations (e, k € Z) are i.i.d. and that ¢ €
CLT(E). Assume moreover that for every positive §,

Jim tP([ler] > 66(t)) = 0. (39)

If (a;,i € Z) € (*(E,F) then
HO(F
V2600 (1) L o (40)

n—oo

Proof. As proved in [16], the condition ¢; € CLT(E) together with (39) gives

nv2e Oy (41)

This enables us to obtain the convergence (40) by checking that the relevant
assumptions of Theorem 7 are satisfied by F(E) = Hf(E). Condition (A0) is
satisfied since p(h) > ch for some positive constant c. Conditions (Al) and (A2)
are obviously satisfied with ¢; = ca = 1. Next we observe that for f € H(E),

1F(E) = (e < pt = $wpl(fit—s), O<s<s/ <t/ <t<l (42

In particular, choosing s = s’ = 0 and ¢’ = ¢ and recalling that p is non
decreasing on [0, 1] gives

1FOle < £l + p(Dw,y(f, 1) < max(L, p(L))[[fll,, 0<t<1. (43)
Now using (42) and (43), it is easy to see that (A3) and (A4) are satisfied with
cs = ¢4 = 2max(1, p(1)). Condition (25) is satisfied since

B4R _ ||x||Eo(n1/2 In~1/2 n),

’ 7 p(1/n)

[[zen,il
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in view of condition iii) in Definition 9. To check (26), Proposition 11 allows
us to take V = HY(E). To see that translations operate continuously on H(E),
first we deduce from (42) that

[1ARFO)]le < p(IR])w,(f,1). (44)

Next to control w,(Apf,1) we use (42) to bound differently the increment
1ALS(t) — Apf(s)|g according to the comparison of t — s with |h|. If |h| < t—s,

[ARf(E) = Anf(s)lle < (T f(E) = f(O)lle + [IThf(s) = f(s)]e
S 2p(h)wp(f7 |h|)a
whence by monotonicity of p,

[ALf(t) — Anf(s)||e
p(t —s)

< 2w, (f |l), W <t—s. (45)

fo<t—s<|hl

[ARf(#) = Anf(s)lle < IThf(E) = Tuf(s)lle + 1 () = F(s)le
< 2p(t = s)wp(f, [hl);
whence
[ARS(E) — Anf(s)e
p(t —s)
Gathering (44), (45) and (46) gives

ARSIl < wo(f;1)p(h) + 2wp(f, []).

As f belongs to H{(E) this upper bound goes to zero with h and this achieves
the verification of (26). It is worth noticing that the same argument would fail
with f in H,(E) but not in Hj(E).

To complete the proof it remains to check (A5). To this end, let g be any
function in HZ(E), fix an arbitrary pair 0 < u < v <1 and define f : [0,1] — E
by f(t) = g(u+(v—u)t). Then we have f(0) = g(u) = R%g(0) and the problem is
reduced to bounding w,(f, 1) by w, (R} g,1), where R g is the pseudo-restriction
of g to [u,v]. We note here that since RY g is constant on each interval [0, u] and
[v,1] and p is non decreasing,

< 2w,(f,[h)), 0<t—s<|hl. (46)

lg(y) — g()lle
vg,1) = —_ =
wP(Rugv ) ugili}g)/gv p(y _ J})

Now we have for 0 < s <t <1,
1£(t) = f(s)lle = llg(u+ (v —u)t) — g(u+ (v —u)s)|e

l9(y) — 9(@)le
<pllv—u)(t—s sup ——F——
(v =u)t =) u<a<y<e Py — )
< p(t = s)wp(Ryg, 1),
which gives w,(f,1) < w,(R}g,1). Recalling the value of f(0) we conclude that
(A5) is satisfied with ¢5 = 1. O
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When E = H is a separable Hilbert space, F being still any separable Banach
space, we obtain the following simple corollary, extending the main result of [14]
which was proved by another method in the special case E = F = H.

Corollary 13. Assume that E = H is a separable Hilbert space and that the
innovations (ex,k € Z) are i.i.d. and satisfy (39). If (a;,i € Z) € (1(E,F)
then the polygonal partial sum process fle)(t) converges weakly in Hy(F) to the
Brownian motion Wagc)a=-

Proof. Applying Theorem 12, we just have to check that e € CLT(E). Due to
the Hilbertian structure of E, this follows from the square integrability of eq,
which in turm follows from (39). O
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