
PUB. IRMA, LILLE 2010

Vol. 70, No I

Periods of mixed Tate motives, examples, l-adic

side

Zdzisªaw Wojtkowiak
a

Université de Nice-Sophia Antipolis

Département de Mathématiques

Laboratoire Jean Alexandre Dieudonné

U.R.A. au C.N.R.S., No 168

Parc Valrose � B.P. No 71

06108 Nice Cedex 2, France

wojtkow@math.unice.fr

Article déposé le 19 octobre 2009

Abstract

One hopes that the Q-algebra of periods of mixed Tate motives over

SpecZ is generated by values of iterated integrals on P1(C) \ {0, 1,∞} in
one forms dz

z
and dz

z−1
from

→
01 to

→
10. These numbers are also called multi

zeta values. In this note we give a sketch of a proof, assuming motivic for-

malism, that the Q-algebra of periods of mixed Tate motives over SpecZ
is generated by linear combinations with rational coe�cients of iterated

integrals on P1(C)\{0, 1,−1,∞} in one forms dz
z
, dz

z−1
and dz

z+1
from

→
01 to

→
10, which are unrami�ed everywhere. We shall discuss also l-adic analog

of this result and also some other examples.
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0 Introduction

0.1. One hopes that the Q-algebra of periods of mixed Tate motives over
SpecZ is generated by values of iterated integrals on P1(C) \ {0, 1,∞} in one

forms dz
z and dz

z−1 from
→
01 to

→
10. These numbers are also called multi zeta

values. In this note we give a sketch of a proof, assuming motivic formalism,
that the Q-algebra of periods of mixed Tate motives over SpecZ is generated
by linear combinations with rational coe�cients of iterated integrals on P1(C) \
{0, 1,−1,∞} in one forms dz

z ,
dz
z−1 and dz

z+1 from
→
01 to

→
10, which are unrami�ed

everywhere.
We give also a criterium when a linear combination with rational coe�cients

of iterated integrals on P1(C)\{0, 1,−1,∞} in one forms dz
z ,

dz
z−1 and dz

z+1 from
→
01 to

→
10 is unrami�ed everywhere. Such result may be useful even if �nally one

shows that iterated integrals on P1(C) \ {0, 1,∞} in one forms dz
z and dz

z−1 from
→
01 to

→
10 generate the Q-algebra of mixed Tate motives over SpecZ.

These results have their analogs in l-adic realizations. In fact we shall study
l-adic situation �rst and in more details. The l-adic situation is easier conceptu-
ally, because the Galois group GK of a number �eld K and its various weighted
Tate Ql-completions replace the motivic fundamental group of the category of
mixed Tate motives over SpecOK,S , which is perhaps still a conjectural object.

We shall consider weighted Tate representations of πt1(SpecOK,S ;SpecK̄) in
�nite dimensional Ql-vector spaces. The universal proalgebraic group over Ql by
which such representations factorize we shall denote by G(OK,S ; l). The kernel
of the projection G(OK,S ; l) → Gm we denote by U(OK,S ; l). The associated
graded Lie algebra of U(OK,S ; l) with respect of the weight �ltration we denote
by grWLieU(OK,S ; l).

We assume that S contains all �nite places of K lying over (l). Then the
group G(OK,S ; l) is isomorphic to the conjectural motivic fundamental group of
the tannakian category of mixed Tate motives over SpecOK,S tensored with Ql
(see [5] and [6]). There it is also considered the case when S does not contain
all �nite places of K lying over (l). However the construction is decidely more
complicated and we do not understand it very well. As we consider also the case
of arbitrary S we shall modify slightly the graded Lie algebra grWLieU(OK,S ; l)
to serve our proposal. This is described brie�y below.

Let S be a �nite set of �nite places of K. A non trivial l-adic weighted Tate
representation ofGK is rami�ed at all �nite places ofK which lie over (l). There-
fore we must consider the weighted TateQl-completion of πt1(SpecOK,S ;SpecK̄),
where S is a union of S and all �nite places of K lying over (l). This has an
e�ect that the Lie algebra grWLieU(OK,S ; l) has more generators in degree 1
than the corresponding Lie algebra of the tannakian category of mixed Tate
motives over SpecOK,S . To get rid of these additional generators in degree 1
we shall de�ne a homogenous Lie ideal 〈l | l〉K,S of grWLieU(OK,S ; l) and then
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the quotient Lie algebra

grWLieU(OK,S)l := grWLieU(OK,S ; l)/〈l | l〉K,S .

The Lie algebra grWLieU(OK,S)l is also graded, i.e.

grWLieU(OK,S)l =

∞⊕
i=1

(grWLieU(OK,S)l)i.

We shall show that it has a correct number of generators.

We de�ne a dual of grWLieU(OK,S)l setting

(grWLieU(OK,S)l)
� := ⊕∞i=1(grWLieU(OK,S)l)

∗
i .

The vector space (grWLieU(OK,S)l)
� is an l-adic analog of the generators of

the Q-algebra of periods of mixed Tate motives over SpecOK,S .

In [9] we have studied the action of GQ on π1(P1
Q̄ \ {0, 1,−1,∞};

→
01). After

standard embedding of π1(P1
Q̄\{0, 1,−1,∞};

→
01) into theQl-algebraQl{{X,Y0, Y1}}

and passing to associated graded Lie algebra we get a Lie algebra representation

Φ→
01

: grWLieU(Z[
1

2
], l) −→ Der∗Lie(X,Y0, Y1),

where Der∗Lie(X,Y0, Y1) is a Lie algebra of special derivations of a free Lie
algebra Lie(X,Y0, Y1). The Lie ideal 〈l | l〉Q,(2) is contained in the kernel of Φ→

01
.

Hence we get a morphism

Φ→
01

: grWLieU(Z[
1

2
])l → Der∗Lie(X,Y0, Y1).

Theorem 15.5.3 from [9] can be interpreted in the following way.

Theorem A. The vector space (grWLieU(Z[ 1
2 ])l)

� is generated by the coe�-
cients of the representation Φ→

01
.

We shall show that the natural map

grWLieU(Z[
1

2
])l −→ grWLieU(Z)l,

induced by the inclusion Z ⊂ Z[ 1
2 ], is a surjective morphism of Lie algebras.

Let I(Z[ 1
2 ] : Z) be its kernel. We say that f ∈ (grWLieU(Z[ 1

2 ])l)
� is unram-

i�ed everywhere if f(I(Z[ 1
2 ] : Z)) = 0. Our next result is then the immediate

consequence of Theorem A.

Corollary B. The vector space (grWLieU(Z)l)
� is generated by these linear

combinations of coe�cients of the representation Φ→
01
, which are unrami�ed

everywhere.
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The result mentioned at the beginning of the section is the Hodge-de Rham
analogous of Corollary B.

We shall also consider the following situation. Let L be a �nite Galois
extension of K. We assume that a pair (VL, v) or a triple (VL, z, v) is de�ned
over L. Then we get a representation of GL on π1(VL̄; v) or π(VL̄; z, v). We shall
de�ne what it means that a coe�cient of a such representation is de�ned over
K.

Then, working in Hodge-de Rham realization and assuming motivic formal-
ism, one can show that the Q-algebra of periods of mixed Tate motives over
SpecZ[ 1

3 ] is generated by linear combinations with rational coe�cients of it-

erated integrals on P1(C) \ ({0,∞} ∪ µ3) in one forms dz
z ,

dz
z−1 ,

dz
z−ξ3 ,

dz
z−ξ23

(ξ3 = e
2πi
3 ) from

→
01 to

→
10, which are de�ned over Q. However in this paper we

shall show only an l-adic analog of that result.

Remark. A pair (P1 \ {0, 1,∞},
→
03) rami�es only at (3), hence periods of a

mixed Tate motive associated with π1(P1(C) \ {0, 1,∞};
→
03) are also periods of

mixed Tate motives over SpecZ[ 1
3 ], but we do not know if in this way we shall

get all such periods.

The �nal aim is to show that the vector space (grWLieU(OK,S)l)
� is gener-

ated by linear combinations of coe�cients, which are unrami�ed outside S and
de�ned over K of representations of GL for various L �nite Galois extensions
of K on fundamental groups or on torsors of paths of a projective line minus a
�nite number of points or perhaps some other varieties. This will imply (by the
very de�nition) that all mixed Tate representations of grWLieU(OK,S)l are of
geometric origin. We are however very far from this aim.

Then we must pass from Lie algebra representations of grWLieU(OK,S)l to
the representation of the corresponding group in order to show that any mixed
Tate representation of GK is of geometric origin. This part of the problem is
not studied here.

The results of this paper where presented in a seminar talk in Lille in May
2009 and then at the end of my lectures at the summer school at Galatasaray
University in Istanbul in June 2009.

While �nishing this paper the author has a delegation in CNRS in Lille at the
Laboratoire, Paul Painlevé and he would like to thank very much the director,
Professor Jean D'Almeida for accepting him in the Painleve Laboratory. Thanks
are also due to Professor Douai who helped me to get this delegation.

In [11] we were studying related questions. In the sequel we make some
comments concerning [11], as the results presented there are not complete.
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1 Weighted Tate completions of Galois groups

Let K be a number �eld and let S a �nite set of �nite places of K. Let OK,S
be the ring of S-integers in K, i.e.

OK,S := {a
b
| a, b ∈ OK , b /∈ p for all p /∈ S}.

Let us �x a rational prime l. We denote by {l | l}K a set of �nite places of K
lying over a prime ideal (l) of Z.

Let G(OK,S∪{l|l}K ; l) be the weighted Tate Ql-completion of the étale funda-
mental group πt1(SpecOK,S∪{l|l}K ;SpecK̄). The group G(OK,S∪{l|l}K ; l) is an
a�ne, pro-algebraic group over Ql equipped with the homomorphism

πt1(SpecOK,S∪{l|l}K ;SpecK̄) −→ G(OK,S∪{l|l}K ; l)(Ql)

with a Zariski dense image, such that any weighted Tate �nite dimensional Ql-
representation of πt1(SpecOK,S∪{l|l}K ;SpecK̄) factors through G(OK,S∪{l|l}K ; l).
We point out that weighted Tate �nite dimensional Ql-representations of
πt1(SpecOK,S∪{l|l}K ;SpecK̄) correspond to representations of GK unrami�ed
outside S ∪ {l | l}K .

There is an exact sequence

1→ U(OK,S∪{l|l}K ; l)→ G(OK,S∪{l|l}K ; l)→ Gm → 1.

The kernel U(OK,S∪{l|l}K ; l) is a prounipotent a�ne group over Ql equipped
with the weight �ltration {W−2iU(OK,S∪{l|l}K ; l)}i∈N. The associated graded
Lie algebra

grWLieU(OK,S∪{l|l}K ; l) :=

∞⊕
i=1

grWLieU(OK,S∪{l|l}K ; l)i,

where

grWLieU(OK,S∪{l|l}K ; l)i := W−2iU(OK,S∪{l|l}K ; l)/W−2(i+1)U(OK,S∪{l|l}K ; l),

is a free Lie algebra.
In degree 1 there are functorial isomorphisms

(1.1.a.) grWLieU(OK,S∪{l|l}K ; l)1 ≈ Hom(O∗K,S∪{l|l}K ;Ql).

and
(1.1.b.)
(grWLieU(OK,S∪{l|l}K ; l)1)∗ ≈ O∗K,S∪{l|l}K ⊗Ql ≈ H1(SpecOK,S∪{l|l}K ;Ql(1)).

In degree i > 1 there are functorial isomorphisms
(1.1.c.)(

grWLieU(OK,S∪{l|l}K ; l)/Γ2grWLieU(OK,S∪{l|l}K ; l)
)∗
i
≈ H1(GK ;Ql(i)).
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(see [5], [6]).

Let us assume that a pair (V, v) is de�ned over K and has good reduction
outside S. Then the representation of GK on pro-l quotient of πt1(VK̄ ; v) is
unrami�ed outside S ∪ {l | l}K and is rami�ed at all �nite places of K which
lie over (l). This has an e�ect that the Lie algebra grWLieU(OK,S∪{l|l}K ; l) has
more generators in degree 1 than the corresponding Lie algebra of the tannakian
category of mixed Tate motives over SpecOK,S .

We shall show below how to kill these additional generators corresponding
to �nite places of K lying over (l), which are not in S.

Let u ∈ O∗K,S∪{l|l}K and let κ(u) : GK → Zl be the Kummer character of u.
The representation

GK 3 σ −→
( 1 0

κ(u)(σ) χ(σ)

)
∈ GL2(Ql)

is an l-adic weighted Tate representation of GK unrami�ed outside S ∪{l | l}K ,
i.e. it is an l-adic weighted Tate representation of πt1(SpecOK,S∪{l|l}K ;SpecK̄).
Hence the Kummer character κ(u) we can view also as a homomorphism

κ(u) : grWLieU(OK,S∪{l|l}K ; l)1 → Ql,

by 1.1.b. Let us set

(l | l)K,S :=
⋂

u∈O∗K,S

(
Ker(κ(u) : grLieU(OK,S∪{l|l}K ; l)1 → Ql)

)
and let 〈l | l〉K,S be a Lie ideal of grWLieU(OK,S∪{l|l}K ; l) generated by elements
of (l | l)K,S .

Proposition 1.2.

i) The quotient Lie algebra

grWLieU(OK,S∪{l|l}K ; l)/〈l | l〉K,S

is graded.

ii) The quotient Lie algebra grLieU(OK,S∪{l|l}K ; l)/〈l | l〉K,S is free, freely
generated by n1 = dimQ(O∗K,S ⊗ Q) elements in degree 1, and by ni =

dimQl(H
1(GK ;Ql(i)) elements in degree i > 1.

iii) Let a1, . . . , an+1 be K-points of P1
K and let V := P1

K \ {a1, . . . , an+1}.
Let z and v be K-points of V or tangential points de�ned over K. Let
us assume that a pair (V, v) (resp. a triple (V, z, v)) has good reduction
outside S. Then the morphism of Lie algebras

grWLieϕV,v : grWLieU(OK,S∪{l|l}K ; l)→ Der∗Lie(X1, . . . , Xn)
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resp.

grWLieψV,z,v : grWLieU(OK,S∪{l|l}K ; l)→
Lie(X1, . . . , Xn)×̃Der∗Lie(X1, . . . , Xn)

deduced from the action of GK on π1(VK̄ ; v) (resp. on π(VK̄ ; z, v)) factors
through the Lie algebra grWLieU(OK,S∪{l|l}K ; l)/〈l | l〉K,S .

Proof. The Lie ideal 〈l | l〉K,S of the Lie algebra grWLieU(OK,S∪{l|l}K ; l)
is generated by elements of degree 1, hence it is homogenous. Therefore the
quotient Lie algebra grWLieU(OK,S∪{l|l}K ; l)/〈l | l〉K,S has a natural grading
induced from that of grWLieU(OK,S∪{l|l}K ; l).

Let us choose u1, . . . , up ∈ O∗K,S (p =dimO∗K,S⊗Q) such that u1⊗1, . . . , up⊗
1 is a base of O∗K,S⊗Q. Let z1, . . . , zq ∈ O∗K,S∪{l|l}K be such that u1⊗1, . . . , up⊗
1, z1⊗1, . . . , zq⊗1 is a base of (O∗K,S∪{l|l}K )⊗Q. Let α1, . . . , αp, β1, . . . , βq be a

base of grWLieU(OK,S∪{l|l}K ; l)1 dual to the Kummer characters κ(u1), . . . , κ(up),
κ(z1), . . . , κ(zq). Then β1, . . . , βq generate the Lie ideal 〈l | l〉K,S . The point ii)
follows now immediately from the fact that the Lie algebra grWLieU(OK,S∪{l|l}K ; l)
is free, freely generated by elements α1, . . . , αp, β1, . . . , βq in degree 1 and by ni
generators in degrees i > 1 ( see [5] and [6]).

Let us assume that a pair (V, v) (resp. a triple (V, z, v)) has good reduction
outside S. We shall show in the next lemma that then the morphism grWLieϕV,v
(resp. grWLieψV,z,v) in degree 1 is given by Kummer characters of elements
belonging to O∗K,S . This implies that the morphism vanishes on (l | l)K,S , hence
it vanishes on 〈l | l〉K,S . Hence the point iii) follows immediately. �

Lemma 1.2.1. Let us assume that a pair (V, v) (resp. a triple (V, z, v)) has good
reduction outside S. Then the morphism grWLieϕV,v (resp. grWLieψV,z,v) in
degree 1 is given by Kummer characters of elements belonging to O∗K,S .

Proof. For simplicity we shall consider only a pair (V, v), where v is a K-
point. The de�nition of good reduction at a �nite place p depends only on
an isomorphism class of (V, v) over K (see [10], de�nition 17.5), hence we can
assume that a1 = 0, a2 = 1 and an+1 =∞.

The morphism grWLieϕV,v is given in degre 1 by Kummer characters κ(ai−akv−ak )

for i 6= k and i, k ∈ {1, 2, . . . , n} (see [10], 17.10.a). Let S(V, v) be a set of �nite
places p of K such that there exists a pair (i, k) satisfying i 6= k and such that
p valuation of ai−akv−ak is di�erent from 0. Then clearly ai−ak

v−ak ∈ O
∗
K,S(V,v) for all

pair (i, k) with i 6= k.
For the pair (V, v) the notion of good reduction at p and strong good reduc-

tion at p coincide (see [10], De�nitions 17.4, 17.5 and Corollary 17.18). It follows
from Lemma 17.15 in [10] that p /∈ S implies p /∈ S(V, v). Hence S(V, v) ⊂ S.
Therefore ai−ak

v−ak ∈ O
∗
K,S for all pairs (i, k) with i 6= k. �

De�nition 1.3. We set

grWLieU(OK,S)l := grWLieU(OK,S∪{l|l}K ; l)/〈l | l〉K,S .
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Let S and S1 be �nite disjoint sets of �nite places of K. The inclusion of rings

OK,S∪{l|l}K ↪→ OK,S∪S1∪{l|l}K

induces morphisms of weighted Tate Ql-completions

π
K,S∪S1∪{l|l}K
K,S∪{l|l}K : G(OK,S∪S1∪{l|l}K ; l) −→ G(OK,S∪{l|l}K ; l)

and
π
K,S∪S1∪{l|l}K
K,S∪{l|l}K : U(OK,S∪S1∪{l|l}K ; l) −→ U(OK,S∪{l|l}K ; l).

After passing to associated graded Lie algebras with respect to weight �ltrations
one gets a morphism of associated graded Lie algebras

grWLieπ
K,S∪S1∪{l|l}K
K,S∪{l|l}K : grWLieU(OK,S∪S1∪{l|l}K ; l) −→ grWLieU(OK,S∪{l|l}K ; l).

Proposition 1.4. Let S and S1 be �nite disjoint sets of �nite places of K. The
inclusion of rings OK,S∪{l|l}K ↪→ OK,S∪S1∪{l|l}K induces a morphism of graded
Lie algebras

(grWLieπ
K,S∪S1

K,S )l : grWLie(OK,S∪S1)l → grWLie(OK,S)l.

Proof. The inclusion of rings

i : OK,S∪{l|l}K ↪→ OK,S∪S1∪{l|l}K

induces a morphism of associated graded Lie algebras

grWLieπ
K,S∪S1∪{l|l}K
K,S∪{l|l}K : grWLieU(OK,S∪S1∪{l|l}K ; l) −→ grWLieU(OK,S∪{l|l}K ; l).

To simplify the notation we denote by π the degree 1 component of the morphism

grWLieπ
K,S∪S1∪{l|l}K
K,S∪{l|l}K . In degree 1 we have a commutative diagram

grWLie(OK,S∪S1∪{l|l}K ; l)1
π−→ grWLie((OK,S∪{l|l}K ; l)1

≈
y ≈

y
Hom(O∗K,S∪S1∪{l|l}K ;Ql) −→ Hom(O∗K,S∪{l|l}K ;Ql)

by (1.1.a.). Let z ∈ grWLie(OK,S∪S1∪{l|l}K ; l)1 be such that κ(u)(z) = 0 for all
u ∈ O∗K,S∪S1

. Then κ(u)(π(z)) = 0 for all u ∈ O∗K,S because of the commuta-
tivity of the diagram.

Hence π maps (l | l)K,S∪S1
into (l | l)K,S . This implies that the morphism

grWLieπ
K,S∪S1∪{l|l}K
K,S∪{l|l}K : grWLie(OK,S∪S1∪{l|l}K ; l) → grWLie(OK,S∪{l|l}K ; l)

induces a morphism of graded Lie algebras

(grWLieπ
K,S∪S1

K,S )l : grWLie(OK,S∪S1
)l → grWLie(OK,S)l.
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�

It follows from (1.1.a) and from the construction of the Lie algebra
grWLieU(OK,S)l that the degree 1 part of the morphism from Proposition 1.4
inserts into the following commutative diagram

0 → Hom(O∗K,S∪S1
/O∗K,S ;Ql) −→ Hom(O∗K,S∪S1

;Ql) −→ Hom(O∗K,S ;Ql) → 0

≈
y ≈

y ≈
y

1 → (ker(grWLieπK,S∪S1
K,S )l)1 −→ (grWLieU(OK,S∪S1)l)1 −→ (grWLieU(OK,S)l)1→ 0 .

De�nition 1.5. Let I(OK,S∪S1 : OK,S) be a Lie ideal of a Lie algebra

grWLieU(OK,S∪S1
)l generated by (ker(grWLieπ

K,S∪S1

K,S )l)1.

Proposition 1.6. The morphism (grWLieπ
K,S∪S1

K,S )l induces an isomorphism
of graded Lie algebras

π̄K,S∪S1

K,S : grWLieU(OK,S∪S1
)l/I(OK,S∪S1

: OK,S) −→ grWLieU(OK,S)l.

Proof. The Lie ideal I(OK,S∪S1
: OK,S) is generated by elements of degree

1. Hence the quotient Lie algebra carries a natural induced grading and the
morphism π̄K,S∪S1

K,S is a morphism of graded Lie algebras.
Moreover free generators of the Lie algebra grWLieU(OK,S∪S1∪{l|l}K ; l) in

degree k greater than 1 are mapped bijectively onto free generators in degree k of

the Lie algebra grWLieU(OK,S∪{l|l}K ; l) by the morphism grWLieπ
K,S∪S1∪{l|l}K
K,S∪{l|l}K

by (1.1.c.). Hence the same is true for the morphism

(grWLieπ
K,S∪S1

K,S )l : grWLie(OK,S∪S1)l → grWLie(OK,S)l.

This implies that the induced morphism π̄K,S∪S1

K,S is an isomorphism of graded
Lie algebras. �

De�nition 1.7. Let L =
⊕∞

i=1 Li be a graded Lie algebra over a �eld k such
that dimLi <∞ for every i. We set

L� :=

∞⊕
i=1

Hom(Li, k)

and we call L� a dual of L.

The Lie bracket [ , ] of the Lie algebra L induces a morphism

d := [ , ]∗ : L� → L� ⊗ L�,

whose image is contained in the subspace of L�⊗L� generated by antisymmet-
rical tensors of the form a⊗ b− b⊗ a.
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De�nition 1.8. The Ql-vector space (grWLieU(OK,S)l)
� we shall call a vector

space of coe�cients on grWLieU(OK,S)l.

Remark 1.8.1. We consider the Ql-vector space (grWLieU(OK,S)l)
� as an

analog of generators of the Q-algebra of periods of mixed Tate motives over
SpecOK,S . Anticipating, if the vector space (grWLieU(OK,S)l)

� is generated by
geometric coe�cients then it has a natural Q-structure, which is much better
analog.

The morphism

d = [ , ]∗ : (grWLieU(OK,S)l)
� → (grWLieU(OK,S)l)

� ⊗ (grWLieU(OK,S)l)
�

we denote by dOK,S . We set

L(OK,S ; l) := ker(dOK,S ).

It follows from from the construction of the graded Lie algebra grWLieU(OK,S)l
and from isomorphisms (1.1.a.), (1.1.b.) and (1.1.c.) that there are natural
isomorphisms

L(OK,S ; l)i = ker(dOK,S )i ≈ H1(GK ;Ql(i)) for i > 1

and

L(OK,S ; l)1 = ker(dOK,S )1 = (grWLieU(OK,S)l)
�
1 ≈ O∗K,S ⊗Ql.

The surjective morphism

(grWLieπ
K,S∪S1

K,S )l : grWLie(OK,S∪S1
)l → grWLie(OK,S)l

induces a monomorphism of dual vector spaces

ΠK,S
K,S∪S1

:=(
(grWLieπ

K,S∪S1

K,S )l
)�

: (grWLieU(OK,S)l)
� −→ (grWLieU(OK,S∪S1

)l)
�.

Corollary 1.9. We have

(grWLieU(OK,S)l)
� ≈ {f ∈ (grWLieU(OK,S∪S1

)l)
� | f(I(OK,S∪S1

: OK,S)) = 0}.

Proof. The corollary follows directly from Proposition 1.6. �

De�nition 1.10. Let S and S1 be �nite disjoint sets of �nite places of K. We
say that

f ∈ (grWLieU(OK,S∪S1)l)
�

is unrami�ed outside S1 if f(I(OK,S∪S1 : OK,S)) = 0.
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Now we shall study relations between weighted Tate completions of a Galois
group of a �eld and a Galois group of its �nite Galois extention.

Let K be a number �eld. Let S be a �nite set of �nite places of K. Let L be
a �nite Galois extension of K and let T be a set of �nite places of L lying over
�nite places of K belonging to S. The inclusion of rings of algebraic integers

OK,S∪{l|l}K ↪→ OL,T∪{l|l}L

induces morphisms of weighted Tate completions

π
L,T∪{l|l}L
K,S∪{l|l}K : G(OL,T∪{l|l}L ; l)→ G(OK,S∪{l|l}K ; l)

and
π
L,T∪{l|l}L
K,S∪{l|l}K : U(OL,T∪{l|l}L ; l)→ U(OK,S∪{l|l}K ; l).

After passing to associated graded Lie algebras with respect to weight �ltrations
we get morphisms of graded Lie algebras

1.10.1.
grWLieπ

L,T∪{l|l}L
K,S∪{l|l}K : grWLieU(OL,T∪{l|l}L ; l)→ grWLieU(OK,S∪{l|l}K ; l).

Proposition 1.11. Let K be a number �eld and let L be a �nite Galois
extension of K. Let S be a set of �nite places of K and let T be a set of �nite
places of L lying over elements of S. The inclusion of rings of algebraic integers
OK,S∪{l|l}K ↪→ OL,T∪{l|l}L induces a morphism of graded Lie algebras

(grWLieπ
L,T
K,S)l : grWLieU(OL,T )l → grWLieU(OK,S)l.

Proof. Let u ∈ O∗K,S . Then u ∈ O∗L,T . Hence the Kummer character κ(u)
considered on grWLieU(OL,T∪{l|l}L ; l)1 vanishes on a subspace (l | l)L,T of
grWLieU(OL,T∪{l|l}L ; l)1. But this implies that the morphism 1.10.1 maps the
Lie ideal 〈l | l〉L,T into the Lie ideal 〈l | l〉K,S . Passing to quotient Lie algebras
we get a morphism

(grWLieπ
L,T
K,S)l : grWLieU(OL,T )l → grWLieU(OK,S)l.

. �

Proposition 1.12. Let L be a �nite Galois extension of K. Let S be a set of
�nite places of K and let T be a set of �nite places of L lying over elements of
S. Then the morphisms

grWLieπ
L,T∪{l|l}L
K,S∪{l|l}K : grWLieU(OL,T∪{l|l}L ; l)→ grWLieU(OK,S∪{l|l}K ; l)

and
(grWLieπ

L,T
K,S)l : grWLieU(OL,T )l → grWLieU(OK,S)l

are surjective.
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Proof. It follows from (1.1.b) and (1.1.c) that the morphism 1.10.1 induces the
following commutative diagram

Hom((grWLieU(OK,S∪{l|l}K ; l)/Γ2..)i;Ql) −→ Hom((grWLieU(OL,T∪{l|l}L ; l)/Γ2..)i;Ql)

≈
x ≈

x
H1(SpecOK,S∪{l|l}K ;Ql(i)) −→ H1(SpecOL,T∪{l|l}L ;Ql(i))

for each i > 0. The map of cohomology groups induced by the inclusion

OK,S∪{l|l}K ↪→ OL,T∪{l|l}L is injective. Hence the morphism

grWLieU(OL,T∪{l|l}L ; l)/Γ2... −→ grWLieU(OK,S∪{l|l}K ; l)/Γ2...

is surjective. This implies that the morphism

grWLieπ
L,T∪{l|l}L
K,S∪{l|l}K : grWLieU(OL,T∪{l|l}L ; l) −→ grWLieU(OK,S∪{l|l}K ; l)

is surjective. Hence the morphism (grWLieπ
L,T
K,S)l is also surjective. �

De�nition 1.13. Let us set

I(OL,T : OK,S) := ker
(
(grWLieπ

L,T
K,S)l : grWLieU(OL,T )l → grWLieU(OK,S)l

)
.

Let us set G = Gal(L/K). From now on we shall assume that

i) l does not divide the order of G;

ii) K(µl∞) ∩ L = K.

Then it follows from [11], Lemma 4.2.2 and the functoriality of the weighted
Tate completion that the group G acts on U(OL,T∪{l|l}L ; l) preserving weight
�ltration.

Lemma 1.14. The action of G on grWLieU(OL,T∪{l|l}L ; l) induces an action
of G on the graded Lie algebra grWLieU(OL,T )l.

Proof. We recall �rst how G acts on grWLieU(OL,T∪{l|l}L ; l). Let M be
a maximal pro-l unrami�ed outside T ∪ {l | l}L extension of L(µl∞). Then
G ⊂ Gal(M/K(µl∞)). Hence G acts on Gal(M/L(µl∞)) by conjugation (see
[4], section 1 or [11], Lemma 4.2.2.). Then by functoriality G acts also on
U(OL,T∪{l|l}L ; l) preserving weight �ltration. Therefore G acts also on
grWLieU(OL,T∪{l|l}L ; l) by Lie algebra automorphisms.

For any a ∈ O∗L,T , any σ ∈ Gal(M/L(µl∞)) and any g ∈ G we have

κ(g−1(a))(σ) = κ(a)(g · σ · g−1).

This implies that for any s ∈ grWLieU(OL,T∪{l|l}L ; l)1 we have

κ(g−1(a))(s) = κ(a)(g(s)).
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Hence the subspace (l | l)L,T of grWLieU(OL,T∪{l|l}L ; l)1 is G-invariant, i.e.
G((l | l)L,T ) ⊂ (l | l)L,T . Therefore G acts also on the quotient Lie algebra. �

Proposition 1.15. Let L be a �nite Galois extension of K. Let S be a �nite set
of �nite places of K and let T be a set of �nite places of L lying over elements
of S. We also assume that

i) l does not divide the order of G;

ii) K(µl∞) ∩ L = K.

Then we have:

i) the Lie ideal I(OL,T : OK,S) is generated by elements gv−v, where g ∈ G
and v ∈ grWLieU(OL,T )l;

ii) The morphism (grWLieπ
L,T
K,S)l induces an isomorphism

grWLieU(OL,T )l/I(OL,T : OK,S) −→ grWLieU(OK,S)l.

Proof. The group G acts on U(OL,T∪{l|l}L ; l) by automorphisms preserving the
weight �ltration. Lemma 1.14 implies that it acts by automorphisms on the Lie
algebra grWLieU(OL,T )l. Then Γ2grWLieU(OL,T )l is a G-invariant subspace
of grWLieU(OL,T )l. Let us choose in each degree i a G-invariant complement Vi
to (Γ2grWLieU(OL,T )l)i. Then the Lie algebra grWLieU(OL,T )l is generated
by a vector space ⊕∞i=1Vi.

Let V ′i be the image of Vi in grWLieU(OK,S)l by the map (grWLieπ
L,T
K,S)l.

We have isomorphisms compatible with the action of the group G

V ∗1 = (grWLieU(OL,T )l)
∗
1 ≈ O∗L,T ⊗Ql for i = 1

and

V ∗i ≈
(
grWLieU(OL,T )l/Γ

2grWLieU(OL,T )l
)∗
i
≈ H1(SpecOL,T ;Q(i))

for i > 1. Hence it follows that in degree 1 there are isomorphisms

((V1)G)∗ ≈ (V ∗1 )G ≈
(
(grWLieU(OL,T )l)

∗
1

)G ≈ (O∗L,T ⊗Ql)G

≈
x ≈

x
(grWLieU(OK,S)l)

∗
1 ≈ O∗K,S ⊗Ql.



I � 15

For i > 1 we have a commutative diagram

Hom((grWLieU(OK,S)l/Γ
2..)i;Ql) −→ Hom((grWLieU(OL,T )l/Γ

2..)i;Ql)

=
x =

x
(kerdOK,S )i −→ (kerdOL,T )i

≈
x ≈

x
H1(SpecOK,S∪{l|l}K ;Ql(i)) −→ H1(SpecOL,T∪{l|l}L ;Ql(i)).

The isomorphism

H1(SpecOK,S∪{l|l}K ;Q(i)) ≈ H1(SpecOL,T∪{l|l}L ;Q(i))G,

which follows from the Lyndon spectral sequence and the isomorphism

H1(SpecOL,T∪{l|l}L ;Q(i))G = (V ∗i )G = ((Vi)G)∗

imply that
V ′i ≈ Vi/Ri,

where Ri is a subspace of Vi generated by elements gv− v for g ∈ G and v ∈ Vi.
Observe that grWLieU(OK,S)l is generated freely by a base of ⊕∞i=1V

′
i .

Therefore the Lie ideal generated by ⊕∞i=1Ri is contained in I(OL,T : OK,S). But
the quotient of grWLieU(OL,T )l by the ideal generated by ⊕∞i=1Ri is isomorphic
to grWLieU(OK,S)l. Hence we get i) and therefore also ii). �

Corollary 1.16. We have

(grWLieU(OK,S)l)
� ≈ {f ∈ (grWLieU(OL,T )l)

� | f(I(OL,T : OK,S)) = 0}.

De�nition 1.17. We say that f ∈ (grWLieU(OL,T )l)
� is de�ned over K or

that f is [Gal(L/K)]-invariant if f(I(OL,T : OK,S)) = 0.

We �nish this section with the study of the dual of the Lie bracket of the
Lie algebra grWLieU(OK,S)l.

The Lie bracket of the Lie algebra grWLieU(OK,S)l induces

dOK,S : (grWLieU(OK,S)l)
� −→ (grWLieU(OK,S)l)

� ⊗ (grWLieU(OK,S)l)
�.

We recall that we have de�ned

L(OK,S ; l) := ker dOK,S .
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The vector space L(OK,S ; l) inherits grading from (grWLieU(OK,S)l)
� and we

have

L(OK,S ; l) =

∞⊕
i=1

L(OK,S ; l)i.

Observe that

L(OK,S ; l) = {f ∈ (grWLieU(OK,S)l)
� | f(Γ2grWLieU(OK,S)l) = 0}

= ((grWLieU(OK,S)l)
ab)�.

To simplify the notation we denote dOK,S by d and we set

gu := (grWLieU(OK,S)l)
�.

We de�ne operators

d(n) : (gu)� −→
n+1⊗
i=1

(gu)�

by setting

d(n) = (d⊗ (⊗n−1
i=1 Id(gu)�) ◦ . . . ◦ (d⊗ Id(gu)� ⊗ Id(gu)�) ◦ (d⊗ Id(gu)�) ◦ d.

Let prn+1 : ⊗n+1
i=1 gu −→ gu be given by

prn+1(u1 ⊗ u2 ⊗ . . .⊗ un+1) := [[. . . [[u1, u2], u3], . . .], un+1]

Lemma 1.18. We have

i) (prn+1)� = d(n);

ii) f ∈ (grWLieU(OK,S)l)
� vanishes on Γn+1(grWLieU(OK,S)l) if and only

if d(n)(f) = 0;

iii) Let f ∈ (grWLieU(OK,S)l)
�
m. Assume that d(k+1)(f) = 0. Then d(k)(f) ∈⊗k+1

i=1 L(OK,S ; l).

Proof. The point i) is clear and ii) follows from i).
It rests to show the point iii). The map d(k)(f) = f ◦ prk+1 is equal to the

composition

⊗k+1
i=1 gu→ ⊗

k+1
i=1 (gu)ab → Γk+1gu/Γk+2gu ↪→ gu/Γk+2gu

f→Ql.

The equality L(OK,S ; l) = ((gu)ab)� implies that d(k)(f) ∈
⊗k+1

i=1 L(OK,S ; l). �
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2 Geometric coe�cients

Let a1, . . . , an ∈ K and let V := P1
K \ {a1, . . . , an,∞}. Let v and z be K-

points of V or tangential points de�ned over K. Let S be a �nite set of �nite
places of K. Let l be a �xed rational prime.

We denote by π1(VK̄ ; v) the pro-l completion of the étale fundamental group
of VK̄ based at v and by π(VK̄ ; z, v) the π1(VK̄ ; v)-torseur of pro-l paths from v
to z.

The Galois group GK acts on π1(VK̄ ; v) and on π(VK̄ ; z, v). After the stan-
dard embedding of π1(VK̄ ; v) into a Ql-algebra Ql{{X1, . . . , Xn}} of formal
power series in non-commuting variables we get two Galois representations

ϕv = ϕV,v : GK −→ Aut(Ql{{X1, . . . , Xn}})

and
ψz,v = ψV ;z,v : GK −→ GL(Ql{{X1, . . . , Xn}})

deduced from actions of GK on π1 and on the π1-torseur (see [7], section 4).
Let us assume that a pair (V, v) and a triple (V, z, v) are unrami�ed out-

side S. Then the representations ϕV,v and ψV,z,v factor through the weighted
Tate Ql-completion G(OK,S∪{l|l}K ; l) of πt1(SpecOK,S∪{l|l}K ;SpecK̄) because
the representations ϕV,v and ψV,z,v are l-adic weighted Tate representations
(see [11] Proposition 1.0.3 ). It follows from Proposition 1.2 iii) that passing
to associated graded Lie algebras with respect to the weight �ltrations we get
morphisms of graded Lie algebras

grWLieϕv : grWLieU(OK,S)l → (

n⊕
i=1

Lie(X1, . . . , Xn)/〈Xi〉; { })

and

grWLieψz,v :grWLieU(OK,S)l → Lie(X1, . . . , Xn)×̃(

n⊕
i=1

Lie(X1, . . . , Xn)/〈Xi〉; {})

Passing to dual vector spaces we get morphisms

Φv := (grWLieϕv)
� : (

n⊕
i=1

Lie(X1, . . . , Xn)/〈Xi〉; { })� → (grWLieU(OK,S)l)
�

and

Ψz,v := (grWLieψz,v)
� : (Lie(X1, . . . , Xn)×̃(

n⊕
i=1

Lie(X1, . . . , Xn)/〈Xi〉; { }))�

→ (grWLieU(OK,S)l)
�.

De�nition 2.1. We set

GeomCoeff lOK,S (V, v) := Image (Φv)
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and
GeomCoeff lOK,S (V, z, v) := Image (Ψz,v).

The vector subspace GeomCoeff lOK,S (V, v) (resp. GeomCoeff lOK,S (V, z, v))

of (grWLieU(OK,S)l)
� we shall call a vector space of geometric coe�cients on

grWLieU(OK,S)l coming from (V, v) (resp. (V, z, v)).

Let us �x a Hall base B of a free Lie algebra Lie(X1, . . . , Xn). If e ∈ B then
e∗ denotes a dual linear form in Lie(X1, . . . , Xn)�. Let

pri0 :

n⊕
i=1

Lie(X1, . . . , Xn)/〈Xi〉 −→ Lie(X1, . . . , Xn)/〈Xi0〉

be the projection on the i0-th component. Let

p : Lie(X1, . . . , Xn)×̃(

n⊕
i=1

Lie(X1, . . . , Xn)/〈Xi〉) −→ Lie(X1, . . . , Xn)

be the projection on the �rst factor.

We set

2.2. {z, v}e∗ := e∗ ◦ p ◦ grWLieψz,v = Ψz,v(e∗ ◦ p).

Let e ∈ B be di�erent from Xi. Let
→
ai be any tangential point de�ned over

K at ai. Then we have

2.3. {→ai, v}e∗ = Φv(e∗ ◦ pri) = e∗ ◦ pri ◦ grWLieϕv.

The geometric coe�cients {z, v}e∗ considered here are the l-adic iterated in-
tegrals from [7]. We use here the notation {z, v}e∗ because it is more convenient
for our study.

If ψ ∈ (Lie(X1, . . . , Xn)×̃(
⊕n

i=1 Lie(X1, . . . , Xn)/〈Xi〉)� then Ψz,v(ψ) =
ψ ◦ grWLieψz,v is a linear combination of symbols 2.2 and 2.3.

Let us assume that a triple (W, ζ, ξ) is unrami�ed outside S ∪S1. We would
like to have some working criterium when elements ofGeomCoeff lOK,S∪S1

(W, ζ, ξ)

are unrami�ed outside S1.
Let us assume that a triple (U, s, t) is de�ned over L. Similarly we would

like to know when f ∈ GeomCoeff lOL,T (U, s, t) is de�ned over K, i.e, when

f is [Gal(L/K)]-invariant. We shall study some explicit examples in the next

sections.
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3 From P1 \ {0, 1,−1,∞} to periods of mixed Tate

motives over SpecZ
Let V := P1

Q \ {0, 1,−1,∞}. In [9], 15.5 we have studied the Galois repre-
sentation

3.0. ϕ→
01

: GQ → Aut(π1(VQ̄;
→
01)).

Observe that the pair (V,
→
01) has good reduction outside the prime ideal (2) of

Z (see [11], De�nition 2.0). Hence the representation 3.0 is unrami�ed outside
prime ideals (2) and (l) (see [10], Corollary 17.17). After the standard embed-

ding of π1(VQ̄;
→
01) into the Ql-algebra of formal power series in non-commuting

variables Ql{{X,Y0, Y1}} (see [9], 15.2) we get a representation

3.1. ϕ→
01

: GQ → Aut(Ql{{X,Y0, Y1}}).

It follows from the universal properties of weighted Tate completion that the
morphism 3.1 factors through

ϕ→
01

: G(Z[
1

2l
]; l)→ Aut(Ql{{X,Y0, Y1}}).

Passing to associated graded Lie algebras we get a morphism of graded Lie
algebras studied in [9], 15.5,

3.2. grWLieϕ→
01

: grWLieU(Z[
1

2l
]; l)→ (Lie(X,Y0, Y1), { }).

It follows from Proposition 1.2 iii) that the morphism 3.2 induces a morphism
of graded Lie algebras

3.3. (grWLieϕ→
01

)l : grWLieU(Z[
1

2
])l → (Lie(X,Y0, Y1), { }).

Proposition 3.4. The morphism of graded Lie algebras

(grWLieϕ→
01

)l : grWLieU(Z[
1

2
])l → (Lie(X,Y0, Y1), { })

deduced from the action of GQ̄ on π1(P1
Q̄ \ {0, 1,−1,∞};

→
01) is injective.

Proof. The proposition follows from [9], Theorem 15.5.3. Below we give a more
detailed proof.

We recall that {Gi(V,
→
01)}i∈N is a �ltration of GQ associated with the rep-

resentation 3.0 (see [7], section 3). The pair (V,
→
01) has good reduction outside

the prime ideal (2) of Z. Hence the natural morphism of graded Lie algebras

3.4.1. grWLieU(Z[
1

2l
]; l)→

∞⊕
i=1

(Gi(V,
→
01)/Gi+1(V,

→
01))⊗Q
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is surjective (see [10], Proposition 19.1,ii) ). Moreover the natural morphism

3.4.2.

∞⊕
i=1

(Gi(V,
→
01)/Gi+1(V,

→
01))⊗Q→ (Lie(X,Y0, Y1), { })

is injective (see [10], Proposition 19.2,i) ). The morphism 3.2 is the composition
of morphisms 3.4.1 and 3.4.2. It follows from Proposition 1.2 iii) that the mor-
phism 3.2 induces a morphism 3.3. Hence the morphism 3.3 induces a surjective
morphism of graded Lie algebras

3.4.3. grWLieU(Z[
1

2
])l →

∞⊕
i=1

(Gi(V,
→
01)/Gi+1(V,

→
01))⊗Q

Both graded Lie algebras are free, freely generated by elements dual to κ(2) and
l2n+1(−1) for n > 0. Hence the morphism 3.4.3 is an isomorphism. This implies
that the morphism

(grWLieϕ→
01

)l : grWLieU(Z[
1

2
])l → (Lie(X,Y0, Y1), { })

is injective. �

The immediate consequence of Proposition 3.4 is the following corollary.

Corollary 3.5. All coe�cients on grWLieU(Z[ 1
2 ])l are geometrical, more pre-

cisely

(grWLieU(Z[
1

2
])l)
� = GeomCoeff lZ[ 12 ](P

1
Q \ {0, 1,−1,∞},

→
01).

We recall that the morphism of graded Lie algebras

grWLieU(Z[
1

2
])l → grWLieU(Z)l

induced by the inclusion of rings Z ↪→ Z[ 1
2 ] is surjective and its kernel is by the

de�nition the Lie ideal I(Z[ 1
2 ] : Z) (see Proposition 1.6). Hence Corollary 3.5

implies the following result.

Corollary 3.6. The vector space of coe�cients on grWLieU(Z)l is equal to

the vector subspace of GeomCoeff lZ[ 12 ]
(P1

Q \ 0, 1,−1,∞},
→
01) consisting of all

coe�cients unrami�ed everywhere.

Remark 3.6.1. The corresponding statement in Hodge-De Rham realization
says that all periods of mixed Tate motives over SpecZ are unrami�ed every-
where Q-linear combinations of iterated integrals on P1(C) \ {0, 1,−1,∞} from
→
01 to

→
10 in one forms dz

z ,
dz
z−1 and dz

z+1 .

Now we shall look more carefully at geometric coe�cients to see which are
unrami�ed everywhere.
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The Lie algebra grWLieU(Z[ 1
2 ])l is free, freely generated by one generator

zi in each odd degree. The Lie ideal I(Z[ 1
2 ] : Z) is generated by the generator in

degree 1. This generator z1 can be chosen to be dual to the Kummer character
κ(2), i.e. κ(2)(z1) = 1.

Let us choose a Hall base B of a free Lie algebra Lie(X,Y0, Y1). Then the
geometric coe�cients, elements of the Ql-vector space GeomCoeff lZ[ 12 ]

(P1
Q \

{0, 1,−1,∞},
→
01) are of the form {

→
10,
→
01}e∗ and {

→
10,
→
01}ψ, where ψ =

∑k
i=1 nie

∗
i

and e, ei ∈ B.

Proposition 3.7. Let e ∈ B be a Lie bracket in X and Y0 only. Then the

coe�cients {
→
10,
→
01}e∗ is unrami�ed everywhere.

Proof. Let j : P1 \ {0, 1,−1,∞} ↪→ P1 \ {0, 1,∞} be the inclusion. Then j

induces a morphism of fundamental groups based at
→
01. After the standard

embeddings of fundamental groups into non commutative formal power series
we get a morphism of Ql-algebras

j∗ : Ql{{X,Y0, Y1}} → Ql{{X,Y }}

such that j∗(X) = (X), j∗(Y0) = Y, j∗(Y1) = 0.

Then we have {
→
10,
→
01}e(X,Y0)∗ = {

→
10,
→
01}e(X,Y )∗◦j∗ = {j(

→
10), j(

→
01)}e(X,Y )∗ =

{
→
10,
→
01}e(X,Y )∗ (see [8] (10.0.6)). The pair (P1\{0, 1,∞},

→
01) is unrami�ed every-

where, hence the coe�cient {
→
10,
→
01}e(X,Y0)∗ belonging to GeomCoeff lZ[ 12 ]

(P1 \

{0, 1,−1,∞},
→
01) is unrami�ed everywhere. �

There are however coe�cients in the Ql-vector space GeomCoeff lZ[ 12 ]
(P1 \

{0, 1,−1,∞},
→
01) which contain Y1 and which also are unrami�ed everywhere.

These coe�cients are of course the most interesting in view of Corollary 3.6 as
we perhaps still do not know if the inclusion

GeomCoeff lZ(P1 \ {0, 1,∞},
→
01) ⊂ (grWLieU(Z)l)

�

is an equality. For example we have the following result.

Proposition 3.8. We have

{
→
10,
→
01}[Y1,X(n−1)]∗ =

1− 2n−1

2n−1
· {
→
10,
→
01}[Y0,X(n−1)]∗ .

Proof. It follows immediately from the de�nition of coe�cients {
→
10,
→
01}e∗ and

the de�nition of l-adic polylogarithms (see [8], De�nition 11.0.1) that

{
→
10,
→
01}[Y0,X(n−1)]∗ = ln(1).
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It follows from [9], Lemma 15.3.1 that {
→
10,
→
01}[Y1,X(n−1)]∗ = ln(−1). The

proposition now follows from the distribution relation 2n−1(ln(−1) + ln(1)) =
ln(1) (see [8] Corollary 11.2.3). �

Below we shall give an inductive procedure to decide which coe�cients are
unrami�ed everywhere. Let us denote for simplicity

Li := L(Z[
1

2
]; l)i and L>1 :=

∞⊕
i=2

Li.

Lemma 3.9. We have

i) Li = Ql for i odd and Li = 0 for i even;

ii) L1 is generated by the Kummer character κ(2);

iii) L2k+1 is generated by l2k+1(−1) for k > 0.

Proof. The point i) follows from the isomorphisms L1 ≈ Z[ 1
2 ]∗ ⊗ Ql in degree

1 and Li ≈ H1(GQ;Ql(i)) for i > 1. Hence L1 is generated by the Kummer
character κ(2). The cohomology group H1(GQ;Ql(2k + 1)) is generated by a
Soulé class, which is a rational multiple of l2k+1(−1). �

If e ∈ B then degYie denotes degree of e with respect to Yi. We de�ne

degY e := degY0
e + degY1

e.

Lemma 3.10. Let ϕ ∈ GeomCoeff lZ[ 12 ]
(P1 \ {0, 1,−1,∞},

→
01) be homogenous

of degree k.

i) If k = 1 then dϕ = 0 and ϕ is a Ql-multiple of κ(2). Hence if ϕ 6= 0 then
ϕ rami�es at (2);

ii) If k > 1 and dϕ = 0 the ϕ is unrami�ed everywhere;

iii) If k > 1 and ϕ =
∑m
i=1 aie

∗
i , where ei ∈ B and degY e

∗
i = 1 for each i then

dϕ = 0 and ϕ is unrami�ed everywhere.

Proof. In degree 1 there are the following geometric coe�cients {
→
10,
→
01}X = 0,

{
→
10,
→
01}Y0

= 0 and {
→
10,
→
01}Y1

= κ(2) � the Kummer character of 2, which
rami�es at (2).

If degϕ = k > 1 and dϕ = 0 then ϕ is a Ql-multiple of lk(−1) by Lemma
3.9 iii). Hence ϕ is unrami�ed everywhere by Propositions 3.8 and 3.7.

If degY e = 1 then e = [Y0, X
(k−1)] or e = [Y1, X

(k−1)]. In both cases it is
clear that d(e∗) = 0. �

Lemma 3.11. Let ϕ ∈ GeomCoeff lZ[ 12 ]
(P1 \ {0, 1,−1,∞},

→
01) be homogenous

of degree k > 1.

i) If d(2)ϕ = 0 then dϕ ∈ L ⊗ L;
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ii) If d(2)ϕ = 0 then ϕ is unrami�ed everywhere if and only if dϕ ∈ L>1⊗L>1;

iii) If ϕ =
∑m
i=1 ni{

→
10,
→
01}e∗i , where ei ∈ B and degY ei ≤ 2 for each i then

d(2)(ϕ) = 0.

Proof. We can write dϕ =
∑
i∈I αi ⊗ βi, where αi and βi belong to

(grWLieU(Z[ 1
2 ])l)

� for i ∈ I and βi are linearly independent. Hence d(2)(ϕ) =∑
i∈I d(αi)⊗βi = 0 implies that d(αi) = 0 for i ∈ I. Hence it follows that αi ∈ L.

Therefore we can write dϕ =
∑∞
n=1 an⊗ϕn, where an ∈ Ln because dimLn ≤ 1

by Lemma 3.9. It follows from the equality d(2)ϕ = 0 that (Id ⊗ d)(dϕ) = 0.
Hence ϕn ∈ L for each n. This implies that dϕ ∈ L ⊗ L.

We recall that the Lie algebra grWLieU(Z[ 1
2 ])l is free, freely generated by

elements zk of degree k for k odd.
If ϕ is unrami�ed then clearly dϕ ∈ L>1⊗L>1. Let us suppose that degϕ =

k > 1 and dϕ ∈ L>1⊗L>1. Then ϕ(z1) = 0 because degϕ > 1 and ϕ([z1, zi]) = 0
because dϕ ∈ L>1 ⊗ L>1.

The condition d(2)ϕ = 0 implies that ϕ vanishes on Γ3grWLieU(Z([ 1
2 ])l.

Hence ϕ vanishes on the Lie ideal I(Z[ 1
2 ] : Z). Therefore ϕ is unrami�ed every-

where.

If e ∈ B and degY e = 2 then d({
→
10,
→
01}e∗) ∈ L⊗L, hence d(2)({

→
10,
→
01}e∗) =

0. �

4 P1
Q(µ3) \ ({0,∞} ∪ µ3) and periods of mixed Tate

motives over SpecZ[13 ] and SpecZ[µ3]

Let U := P1
Q(µ3) \ ({0,∞} ∪ µ3). In [9] we have also studied the Galois

representation

ϕ
U,
→
01

: GQ(µ3) −→ Aut
(
π1(P1

Q̄ \ ({0,∞} ∪ µ3);
→
01)
)
.

The pair (U,
→
01) has good reduction outside the prime ideal (1− ξ3) of OQ(µ3),

where ξ3 is a primitive 3rd root of 1. Observe that we have an equality of ideals
(1− ξ3)2 = (3). Hence we get a morphism of graded Lie algebras

4.0. grWLieϕ
U,
→
01

: grWLieU(Z[µ3][
1

3l
]; l) −→ (Lie(X,Y0, Y1, Y2), { }).

It follows from Proposition 1.2, iii) that the morphism 4.0 induces a morphism

4.1. (grWLieϕ
U,
→
01

)l : grWLieU(Z[µ3][
1

3
])l −→ (Lie(X,Y0, Y1, Y2), { }).

Proposition 4.2. The morphism of graded Lie algebras

(grWLieϕ
U,
→
01

)l : grWLieU(Z[µ3][
1

3
])l −→ (Lie(X,Y0, Y1, Y2), { }).
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deduced from the action of GQ(µ3) on π1(UQ̄;
→
01) is injective.

Proof. The proposition follows from [9], Theorem 15.4.7. �

Corollary 4.3. All coe�cients on grWLieU(Z[µ3][ 1
3 ])l are geometrical. More

precisely we have

(grWLieU(Z[µ3][
1

3
])l)
� = GeomCoeff lZ[µ3][ 13 ](P

1
Q(µ3) \ ({0,∞} ∪ µ3),

→
01).

Proof. The result follows immediately from Proposition 4.2. �

Corollary 4.4. We have:

i) The vector space (grWLieU(Z[µ3])l)
� is equal to the vector subspace of

these elements of GeomCoeff lZ[µ3][ 13 ]
(P1 \ ({0,∞} ∪ µ3),

→
01), which are

unrami�ed everywhere;

ii) The vector space (grWLieU(Z[ 1
3 ])l)

� is equal to the vector subspace of

GeomCoeff lZ[µ3][ 13 ]
(P1 \ ({0,∞}∪ µ3),

→
01) consisting of coe�cients which

are de�ned over Q;
iii) The vector space (grWLieU(Z)l)

� is equal to the vector subspace of these

elements of GeomCoeff lZ[µ3][ 13 ]
(P1 \ ({0,∞} ∪ µ3),

→
01), which are de�ned

over Q and unrami�ed everywhere.

Proof. The corollary follows from Corollary 4.3 and from Proposition 1.12 and
Proposition 1.6. �

5 P1
Q(µ4) \ ({0,∞}∪µ4) and P1

Q(µ8) \ ({0,∞}∪µ8) and
periods of mixed Tate motives over SpecZ[i],
SpecZ[µ8], SpecZ[

√
2][12 ], SpecZ[

√
−2][12 ], SpecZ[

√
2]

and SpecZ[
√
−2]

The pair (P1
Q(µ4) \ ({0,∞} ∪ µ4),

→
01) (resp. (P1

Q(µ8) \ ({0,∞} ∪ µ8),
→
01)) has

good reduction outside the prime ideal (1− i) of Z[µ4] (resp. (1−e 2πi
8 ) of Z[µ8])

lying over (2). Hence it follows from Proposition 1.2 iii) and from [9], Corollary
15.6.4 and Proposition 15.6.5 that morphisms of graded Lie algebras

(grWLieϕ→
01

)l : grWLieU(Z[µ4][
1

2
])l → (Lie(X,Y0, Y1, Y2, Y3), { })

and

(grWLieϕ→
01

)l : grWLieU(Z[µ8][
1

2
])l → (Lie(X,Y0, Y1, . . . , Y8), { })
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deduced from the action of GQ(µ4) (resp. GQ(µ8)) on π1(P1
Q̄ \ ({0,∞} ∪ µ4);

→
01)

(resp. π1(P1
Q̄ \ ({0,∞} ∪ µ8);

→
01)) are injective. Hence we get

Proposition 5.1. All coe�cients on grWLieU(Z[µ4][ 1
2 ])l and on

grWLieU(Z[µ8][ 1
2 ])l are geometrical, more precisely

(grWLieU(Z[µ4][
1

2
])l)
� = GeomCoeff lZ[µ4][ 12 ](P

1
Q(µ4) \ ({0,∞} ∪ µ4),

→
01)

and

(grWLieU(Z[µ8][
1

2
])l)
� = GeomCoeff lZ[µ8][ 12 ](P

1
Q(µ8) \ ({0,∞} ∪ µ8),

→
01).

Corollary 5.2.

i) The vector space (grWLieU(Z[µ4])l)
� is equal to the vector subspace of

GeomCoeff lZ[µ4][ 12 ]
(P1

Q(µ4) \ ({0,∞}∪µ4),
→
01) consisting of the coe�cients

which are unrami�ed everywhere;

ii) The vector space (grWLieU(Z[µ8])l)
� is equal to the vector subspace of

GeomCoeff lZ[µ8][ 12 ]
(P1

Q(µ8) \ ({0,∞}∪µ8),
→
01) consisting of the coe�cients

which are unrami�ed everywhere;

iii) The vector space (grWLieU(Z[
√

2][ 1
2 ])l)

� is equal to the vector subspace

of GeomCoeff lZ[µ8][ 12 ]
(P1

Q(µ8) \ ({0,∞} ∪ µ8),
→
01) consisting of coe�cients

which are de�ned over Q(
√

2);

iv) The vector space (grWLieU(Z[
√

2])l)
� is equal to the vector subspace

of GeomCoeff lZ[µ8][ 12 ]
(P1

Q(µ8) \ ({0,∞} ∪ µ8),
→
01) consisting of coe�cients

which are unrami�ed everywhere and de�ned over Q(
√

2);

v) The vector space (grWLieU(Z[
√
−2][ 1

2 ])l)
� is equal to the vector subspace

of GeomCoeff lZ[µ8][ 12 ]
(P1

Q(µ8) \ ({0,∞} ∪ µ8),
→
01) consisting of coe�cients

which are de�ned over Q(
√
−2);

vi) The vector space (grWLieU(Z[
√
−2])l)

� is equal to the vector subspace

of GeomCoeff lZ[µ8][ 12 ]
(P1

Q(µ8) \ ({0,∞} ∪ µ8),
→
01) consisting of coe�cients

which are unrami�ed everywhere and de�ned over Q(
√
−2).

6 Periods of mixed Tate motives, Hodge�De Rham

side

We shall give here a sketch of a proof of the result annouced at the beginning
of the paper.
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Theorem 6.1. The Q-algebra of periods of mixed Tate motives over SpecZ is
generated by linear combinations with rational coe�cients of iterated integrals

on P1(C) \ {0, 1,−1,∞} of sequences of one forms dz
z ,

dz
z−1 and dz

z+1 from
→
01 to

→
10, which are unrami�ed everywhere.

Sketch of a proof. We shall assume formalism from [1]. In the group
of complex points of the a�ne group UDR(Z[ 1

2 ]) there is an element γZ[ 12 ] ∈
UDR(Z[ 1

2 ])(C) which gives all rational lattices in the Hodge - De Rham realiza-
tion of mixed Tate motives over SpecZ[ 1

2 ]. The action of UDR(Z[ 1
2 ]) on the mixed

Tate motive associated to π1(P1(C)\{0, 1,−1,∞};
→
01) is free. This is an analog

of Proposision 3.4. (See talk of P. Deligne in Schloss Ringberg ([2]) and also [12],

where cases of π1(P1(C) \ ({0,∞} ∪ µ3);
→
01) and π1(P1(C) \ ({0,∞} ∪ µ4);

→
01)

were considered.) Hence the coordinates of γZ[ 12 ]are given by iterated integrals

on P1 \ {0, 1,−1,∞} of sequences of one forms dz
z ,

dz
z−1 and dz

z+1 from
→
01 to

→
10.

The natural embedding of the category of mixed Tate motives over SpecZ
into the category of mixed Tate motives over SpecZ[ 1

2 ] induces a surjective
morphisme

UDR(Z[
1

2
]) −→ UDR(Z).

Let γ̄ be the image of γZ[ 12 ] in UDR(Z)(C). Then γ̄ is an element which gives
all rational lattices in the Hodge - De Rham realization of mixed Tate motives
over SpecZ. Passing to Lie algebras we get a morphism of Lie algebras

LieUDR(Z[
1

2
]) −→ LieUDR(Z),

which maps logγZ[ 12 ] into logγ̄. Let ϕ be a linear form on LieUDR(Z). Then ϕ
evaluated on γ̄ gives a period of a mixed Tate motive over SpecZ. The linear
form ϕ view as a linear form on LieUDR(Z[ 1

2 ]) vanishes on the ideal I(Z[ 1
2 ] : Z).

Hence ϕ(γ̄) is unrami�ed everywhere and ϕ(γ̄) is a sum of iterated integrals on

P1 \ {0, 1,−1,∞} of sequences of one forms dz
z ,

dz
z−1 and dz

z+1 from
→
01 to

→
10. �

7 An example of a missing coe�cient

Let p be a prime number. In [11] we have study the problem of expressing
coe�cients of (grWLieU(Z[ 1

p ])l)
� by geometrical coe�cients. Using the action

of GQ(µp) on the torsor of paths π(P1
Q̄ \ {0, 1,∞}; ξp,

→
01) we have constructed all

coe�cients on grWLieU(Z[ 1
p ])l. After publishing the paper [11] we realize that

it is far from obvous that the coe�cients we constructed are geometrical and
moreover to show that they are geometrical we should rather look at the action

of GQ(µp) on π1(P1
Q̄ \ ({0,∞} ∪ µp);

→
01).
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We hope studing the action of GQ(µp) on π1(P1
Q̄ \ ({0,∞}∪ µp);

→
01) to show

that results of [11] concerning SpecZ[ 1
p ] are true. More precisely we hope to

show that the kernel of the morphism

grWLieU(Z[µp][
1

p
])l −→ (Lie(X,Y0, . . . , Yp−1), { })

deduced from the action of GQ(µp) on π1(P1
Q̄ \ ({0,∞} ∪ µp);

→
01) is contained

in the Lie ideal I(Z[µp][
1
p ] : Z[ 1

p ]). Then it implies that all coe�cients of

(grWLieU(Z[µp][
1
p ])l)

� are geometrical. In the special cases considered in the
present paper it is true because the kernel for p = 2, p = 3 and also for p = 4
and p = 8 is zero.

We �nish our paper with an example showing that one can deal with a single
coe�cient. We shall use notations and results from our papers [9] and [10].

Let p be an odd prime. The pair (P1
Q(µp) \ ({0,∞} ∪ µp),

→
01) has good

reduction outside (p). Hence the action of GQ(µp) on π1(P1
Q̄ \ ({0,∞} ∪ µp);

→
01)

leads to a Lie algebra homomorphism

grWLieϕ→
01

: grWLieU(Z[µp][
1

p
])l −→ Der∗Z/p(Lie(X,Y0, . . . , Yp−1)).

The following result generalize our partial results for p = 5 (see [10], Proposition
20.5) and for p = 7 (see [3], Theorem 4.1).

Proposition 7.1. Let p be an odd prime.

i) In the image of the morphism of graded Lie algebras

grWLieϕ→
01

: grWLieU(Z[µp][
1

p
])l −→ Der∗Z/p(Lie(X,Y0, . . . , Yp−1)).

there are linearly independent over Ql derivations τi for 1 ≤ i ≤ p−1
2 such

that
τi(Y0) = [Y0, Yi + Yp−i].

ii) There are the following relations between commutators

Rk : [τk;

p−1
2∑
i=1

τi] = 0 for 1 ≤ k ≤ p− 1

2

and between relations
p−1
2∑
i=k

Rk = 0.
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Proof. The equality ξip(1−ξp−ip ) = −(1−ξip) implies that l(1−ξp−ip ) = l((1−ξip)
on grWLieU(Z[µp][

1
p ])l. Elements 1−ξip for 1 ≤ i ≤ p−1

2 are linearly independent

in the Z-module Z[µp]
∗. The point i) of the proposition follows from [9], Lemma

15.3.2.

To show ii) we calculate [τk;
∑ p−1

2
i=1 τi] = {Yk + Yp−k,

∑ p−1
2

i=1 (Yi + Yp−i)} =

{Yk + Yp−k,
∑p−1
i=0 Yi} = [Yk,

∑p−1
i=0 Yi] +

∑p−1
i=0 [Yi, Yi+k] −

∑p−1
i=0 [Yk, Yk+i] +

[Yp−k,
∑p−1
i=0 Yi] +

∑p−1
i=0 [Yi, Yi+p−k]−

∑p−1
i=0 [Yp−k, Yi+p−k] = 0.

The relation [
∑ p−1

2

k=1 τk,
∑ p−1

2
i=1 τi] = 0 holds in any Lie algebra, hence we have

a relation
∑ p−1

2

k=1Rk = 0 between the relations. �

In the Lie algebra grWLieU(Z[µp][
1
p ])l we have

p−1
2 linearly independent gen-

erators T1, . . . , T p−1
2

in degree 1, which generate a free Lie subalgebra. Hence

the obvious question is how to construct geometric coe�cients in degree 2 (pe-
riods of mixed Tate motives over SpecZ[µp][

1
p ]) which are dual to Lie brackets

[Ti, Tj ] for (i < j). It is clear from Proposition 7.1 that there is not enough

coe�cients in GeomCoeff lZ[µp][ 1p ]

(
P1
Q(µp) \ ({0,∞} ∪ µp),

→
01
)
.

We consider only the simplest case p = 5. We start with the action of

GQ(µ10) = GQ(µ5) on π1(P1
Q̄ \ ({0,∞}∪µ10),

→
01). Observe that the pair (P1

Q(µ10) \

({0,∞} ∪ µ10),
→
01) has good reduction outside divisors of (10). We have the

following result.

Proposition 7.2. We have:

i) In degree 1 the image of the morphism

grWLieϕ→
01

: grWLieU(Z[µ5][
1

10
])l −→ (Lie(X,Y0, . . . , Y9), { })

is generated by σ1 := Y1 + Y9 + Y2 + Y8 − Y3 − Y7, σ2 := −Y1 − Y9 + Y4 +
Y6 + Y3 + Y7 and η := Y5.

ii) The Lie bracket {σ1, σ2} is di�erent from zero and the coe�cient of {σ1, σ2}
at [Y1, Y8] is 1.

iii) Let f := [Y1, Y8]∗ be a linear form on Lie(X,Y0, . . . , Y9) dual to [Y1, Y8]
with respect to standard Hall base of Lie(X,Y0, . . . , Y9). Let

F := f ◦ grWLieϕ→
01
.

Then F vanishes on the Lie ideal I(Z[µ5][ 1
10 ] : Z[µ5][ 1

5 ]). Hence F de�nes
a non trivial linear form of degree 2 on grWLieU(Z[µ5][ 1

5 ])l non vanishing
on Γ2grWLieU(Z[ 1

5 ])l.

Proof. We omit the proof of i) which is standard as in our other papers. We
notice only that σ1, σ2 and η is a base dual to l-adic logarithms (i.e, Kummer
characters) l(1 − ξ1

5), l(1 − ξ2
5) and l(2). To show ii) we just calculate. It rests

to show iii).
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In the Lie algebra grWLieU(Z[µ5][ 1
10 ])l (resp. grWLieU(Z[µ5][ 1

5 ])l) we choose
in degree 1 generators S1, S2, N (resp. T1, T2) dual to l(1− ξ1

5), l(1− ξ2
5) and

l(2) (resp. l(1− ξ1
5) and l(1− ξ2

5)). Then the natural morphism

π : grWLieU(Z[µ5][
1

10
])l −→ grWLieU(Z[µ5][

1

5
])l

is given in degree 1 by π(Si) = Ti and π(N) = 0.
The Lie ideal I(Z[µ5][ 1

10 ] : Z[µ5][ 1
5 ]) in degree 2 has a base [S1, N ], [S2, N ].

The Lie algebra morphism

grWLieϕ→
01

: grWLieU(Z[µ5][
1

10
])l −→ Lie(X,Y0, . . . , Y9), { })

in degree 1 is given by (grWLieϕ→
01

)(S1) = σ1, (grWLieϕ→
01

)(S2) = σ2 and

(grWLieϕ→
01

)(N) = η.

Observe that the linear form [Y1, Y8]∗ vanishes on {σ1, η} and on {σ2, η}.
Therefore F vanishes on [S1, N ] and on [S2, N ]. Hence F vanishes on the
Lie ideal I(Z[µ5][ 1

10 ] : Z[µ5][ 1
5 ]). Therefore F de�nes a linear form F̄ on

grWLieU(Z[µ5][ 1
5 ])l such that F̄([S1, S2]) = 1 because [Y1, Y8]∗({σ1, σ2}) = 1.

�

Remark 7.3. There are three linearly independent periods of mixed Tate
motives over SpecZ[µ5][ 1

5 ] in degree 2, Li2(ξ1
5), Li2(ξ2

5) and the iterated integral∫ 1

0
dz

z−ξ110
, dz
z−ξ810

. On the other hand one cannot get this third period as an

iterated integral on P1(C) \ ({0,∞} ∪ µ5) from
→
01 to

→
10 of the sequence of one

forms dz
z ,

dz
z−1 ,

dz
z−ξk5

for k = 1, 2, 3, 4.
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